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Abstract
Weyl semimetals are a recently discovered, fascinating class of materials with a
topologically non-trivial band structure in three dimensions, due to linearly cross-
ing conduction and valence bands, forming so-called Weyl nodes. Weyl nodes are
associated with a chirality meaning that excitations’ spins are aligned parallel or
antiparallel to their direction of momentum. A consequence of Weyl nodes, for ex-
ample, is desirable topological responses to electromagnetic fields. Bulk experimental
probes that can measure properties of its bulk band topology, such as the chirality
and spin-momentum locking are needed.
We show that inelastic neutron scattering can provide a new, unexpected way to
detect type-I Weyl nodes with a realistic anisotropy. A generic material does not
have relativistic symmetry. However, in many circumstances, the dynamics of the
excitations can be mapped to a relativistic process. The neutron’s coupling to Weyl
fermions breaks this symmetry, but only in an indirect way. These material-dependent
couplings act as an emergent magnetic moment and can be larger than the ordinary
Bohr magneton, thus compensating for the small density of states. This can cause the
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neutron scattering rate to be large enough for experiments to be practically possible.
The cross-section of a fully unpolarized measurement reveals spin-momentum locking
of Weyl fermions. Furthermore, kinematic constraints allow one to control the mo-
mentum and spin of the excited particle-hole pairs at maximum momentum transfer
for a given energy transfer. Consequently, in an experiment with incident polarized
neutrons, the scattered neutron beam remains fully polarized in a direction deter-
mined by the coupling parameters. This has the remarkable consequence that the
chirality of Weyl fermions for inversion symmetric nodes is measurable independently
of the many unknown couplings, which reflects its topological character.
This detailed analysis opens new questions about Weyl excitations in external
magnetic fields (not necessarily induced by neutrons). For example, this theory sug-
gests that neutron scattering can generate highly unusual particle-hole bound states
of the Weyl excitations. These would have strong momentum-dependent properties,
and the dynamics of these might be explained through an emergent electric dipole
moment (which is not ruled out by symmetry unlike the case of a free electron).
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In 1928, P. A. M. Dirac [1] presented the equation that describes free relativistic
spin-1
2
electrons. The following year, H. Weyl [2] proposed that the massless limit
of the (3 + 1) dimensional Dirac equation describes Weyl fermions characterized by
having a conserved chirality χ = 1 or −1. That is, spin is either aligned parallel or
antiparallel with the direction of canonical momentum. To this day, Weyl fermions
have not been detected in nature.
As often before, elements of high-energy particle physics appear in condensed
matter systems as emergent phenomena. Here, this is the beautiful phenomenon in
which a macroscopic solid, containing a vast number of electrons interacting with
one another in the potential of an underlying lattice, dresses the electrons to become
simple non-interacting quasi-particles. In this new context, the Weyl equation appears
as describing two linear energy bands crossing at some point in the Brillouin zone.
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As Lorentz invariance is broken, the Weyl equation describing quasi-particles allows
for a modification to that sought to describe fundamental particles. Yet, there is still
a coupling between the velocity and spin of these excitations, called spin-momentum
locking, with the caveat that spin is no longer related to real spin in a definite way
and is therefore referred to as pseudospin.
While this has been know since the 1930’s, only recently [3, 4, 5, 6] was it realized
that Weyl nodes have a topological meaning in the context of topological semimetal
materials. The chirality χ = ±1 assigned to a Weyl node is a topological number,
or a charge, and the total charge of Weyl nodes in a material, referred to as a Weyl
semimetal, has to be zero [7, 8]. This endows it with topological responses [9], for
example the chiral anomaly, and topological surface states, called Fermi arcs.
To identify a given material as a Weyl semimetal, one can in principle detect any
of the above properties. The ongoing discovery [10, 11, 12] of topological semimet-
als has benefited from the application of a variety of experimental techniques, each
having its own strength and limitation. Common for several of these techniques is
that contributions from Fermi surfaces are superimposed, such that the overall re-
sponse comes from the entire Brillouin zone and a full understanding of the probe
response requires band calculations to varying extent. Inherent surface probes such
as angle-resolved photoemission spectroscopy [13, 14, 15, 16, 17] and scanning tunnel-
ing microscopy [18, 19] have been very successful in measuring the Fermi arc guided
by band structure calculations. To date, only a few experiments have not rigorously
2
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met the necessary criteria [20]. The latter probe has identified the surface-bulk con-
nectivity, and the former has directly measured the bulk valence band dispersion,
despite not being fully resolved due to finite resolution effects. Quantum oscillations
[21, 22, 23] have been used to reconstruct bulk Fermi surfaces, and surface Fermi arcs
at both top and bottom surfaces that completes a loop via bulk states. However, this
technique has limitations for topological characterizations of multi-band systems. In
addition to these efforts, it is necessary to find probes that can characterize the bulk
topology of nodes. To this end, there are interesting proposals for using polarization-
resolved x-ray scattering [24], circular dichroism [25], and the circular photogalvanic
effect [26] to measure the chirality of nodes.
1.1 Motivation, Aim, and Structure of Dis-
sertation
Because of the aforementioned reasons, Weyl semimetals have drawn attention
from neutron scattering experimentalists aspiring to investigate properties of Weyl
excitations. Yet the literature lacks a theory1 elucidating how to disentangle the nec-
essary signatures in the neutron cross-section. This dissertation addresses this gap.
The contents of this dissertation are based on parts of the publication Ref. [28] in
1One interesting recent preprint, Ref. [27], develops a theory of neutron scattering off magnon
Weyl nodes. This theory utilizes similar ideas as those in our publication Ref. [28].
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collaboration with Bogdan Galilo and supervised by Ari M. Turner.
When neutrons pass through a material, they may bounce off various excitations
in it. We simply ask how, from the nature of these interactions, is it possible to
recognize the existence of Weyl nodes from the scattering cross-section. Excitations
of Weyl nodes are characterized by their spin-momentum locking. This means that a
small perturbation, which induces a slight change of their momentum, leads to very
strong effects on the excitations’ pseudospin. We will identify characteristic properties
of the neutron scattering cross-section that reflect this property, thus providing an
indirect measurement of the bulk topology of Weyl semimetals.
The inspiration to use neutron scattering in this way to probe Weyl nodes, and to
construct the cross-section, comes from the massless neutrino2 theory’s [29, 30, 31, 32]
attempt to describe parity violation in β-decay. The analogy between these two very
different theories is illustrated by the proposal of Lee and Yang, that the possibility of
non-conservation of parity could be observed by measuring the angular distribution
of electrons emitted in β-decay. That is so because, the spin of a nucleus is invariant
under parity but momentum is odd under parity, the direction of the decay products
(including an electron) being emitted is changed under parity. For a spinning nucleus
emits an electron in the direction of its intrinsic spin, in the image process, the image
nucleus will emit an electron in the opposite direction of its spin, see Fig. 1.1. Hence, if
2Here neutrinos satisfy the relativistic Weyl equation.
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parity was conserved, there would not be any preferred direction in the distribution of
emitted particles along the axis of the nucleus’ spin, because the image process always
accompanies the actual process. However, this assumption contradicted experimental
observations and therefore lead to the discovery of parity violation. This further
implies that only particles and antiparticles of certain chiralities participate in this
weak process.
The basic property of β-decay, that the direction of the emitted particles is corre-
lated to the initially aligned spin of the nucleus, motivates that one can use neutron
scattering to detect excitation of Weyl nodes, which are chiral excitations at low en-
ergy. A neutron acts like a magnetic perturbation to the Weyl node and this will
excite two relativistic bulk excitations analog to the emission of an electron and an
antineutrino in the transition of a neutron to a proton. The rate of neutron scatter-
ing depends on the probability of creating such a pair, the excitations of which have
momentum locked to spin. The cross-section will therefore contain the information
about how the excitations’ spin is correlated to their direction of motion. So, some-
what along the lines of Lee and Yang’s suggestion, we predict how the momentum of
the Weyl excitations will be correlated to the spin of the perturbing incident neutron.
This is given by the cross-section recorded by the neutron detector. From this, we
will interpret the cross-section in various ways to find characteristics of Weyl nodes.
To recap, the primary aim of this dissertation is to investigate whether inelastic
5
CHAPTER 1. INTRODUCTION
Figure 1.1: A spinning nucleus emitting
particles in the direction of its spin. In the
mirror, the image nucleus is emitting par-
ticles in the direction opposite to the spin.
From Ref. [30].
neutron scattering can probe Weyl nodes. The most fundamental characteristic of
the Weyl semimetal bulk topology is encoded in the chirality, also known as the
topological charge, of Weyl nodes which we are interested in measuring. In the case
that chirality is inaccessible to measurement, then measuring spin-momentum locking
can yield a bulk signature of Weyl nodes in Weyl semimetal materials.
The rest of this chapter gives a short introduction to Weyl semimetals. Chap-
ter 2 is a preliminary study of neutron scattering off ideal Weyl nodes, before the
remaining part considers nodes with realistic anisotropy. Here, the basic ideas and
problems associated with studying Weyl nodes with neutron scattering are outlined.
Chapter 3 is devoted to the theoretical formulation and derivation of the inelastic
neutron cross-section. This basically consists of mapping the excitations created in
the scattering process to a relativistic process, like the creation of an electron and
antineutrino in β-decay. Because the spin of a Weyl fermion is often pseudospin
in materials, the interaction of the neutron with Weyl fermions takes the form of an
emergent magnetic moment, which is determined by a scourge of anisotropic g-factors
6
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specified by the Weyl semimetal band structure. The scattering rate for neutrons is
thus equivalent to the rate of exciting relativistic Weyl fermions with an applied field
of a certain polarization determined by g-fators of the neutron-Weyl fermion inter-
action. Chapter 5 illustrates some of the concepts needed to use this theory with
a toy model of a Weyl semimetal. In this model, where Weyl nodes are close, the
g-factors can be very large, such that the magnetic moment induced by the neutron’s
magnetic field is much stronger than that of a free electron. In the context of this
dissertation, the magnetic field is induced by the magnetic moment of the neutron,
but it does not have to be. The cross-sections that are measured in experiments
are formally summarized in Ch. 4, and Ch. 6 offers ways to interpret them. While
the cross-section’s intensity distribution is highly influenced by the many g-factors,
it turns out that it is possible to measure the dispersion and probe spin-momentum
of the excitations in the easiest fully unpolarized experiment. Also, the cross-section
scattering edge is discontinuous, which is a strong signature of scattering between
Weyl nodes transformed into Lorentz invariant form, and furthermore, it has a pat-
tern reflecting scattering Weyl fermions. Lastly, it is possible to measure the chirality
of inversion-symmetric Weyl nodes. This is remarkable as this measurement can be
done without any prior knowledge of the g-factors, and furthermore, there is not a
simple analogy of spin-conservation in the scattering process. Chapter 7 contains a
summary and discusses prospects of using this theory, together with suggestions for
extending this work. The theory developed suggests some interesting questions, such
7
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as whether neutron scattering generates highly unusual particle-hole bound states
of the Weyl excitations. These would have strong momentum-dependent properties,
and the dynamics of these might be explained through an emergent electric dipole
moment (which is not ruled out by symmetry unlike the case of a free electron).
1.2 Weyl Fermion - Massless Electron to
Quasi-particle
As mentioned above, one of the pillars of modern physics is the Dirac equation
[31, 33] which reconciled quantum mechanics with special relativity in the description
of spin-1
2




−cσ · k mc2
mc2 cσ · k
⎞
⎟⎟⎠ . (1.1)
Here, the linear 3-momentum is k = (kx, ky, kz), c is the speed of light, and σ =
(σx, σy, σz) denotes a vector of the three Pauli matrices. The Dirac 4-spinor ψ =
(ψL, ψR)
T mixes the 2-spinors ψL,R due to the mass m of the electron. The energy
spectrum of Eq. (1.1) is relativistic E = ±c
√︁
|k|2 + (cm)2 and degenerate with a gap
∆ = 2m. In the massless, or ultra-relativistic, limit of an electron, m = 0, the Dirac
8
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equation decouples into the Weyl equations,
−cσ · kψL = EψL , cσ · kψR = EψR , (1.2)
with energy dispersing linearly E = c|k| with the speed of light. The 2-spinors ψL and
ψR are eigenspinors of σ · k̂ with eigenvalues χ = −1 and 1, respectively, also referred
to as left- and right-handedness, meaning that the spin is aligned antiparallel and





Figure 1.2: Hedgehog in momentum space.
The average of σ in an eigenspinor points
parrallel to momentum for chirality χ =
+1. Adapted from Ref. [3].
The fundamental difference between Dirac and Weyl fermions is the property of
handedness. One definition of handedness that applies to both massive and massless
9
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particles is helicity, associated with the helicity operator,







which is a measure of the projection of spin along 3-momentum. Eigenvalues of h are
−1 and 1, which we call left- and right-helical. What makes this interesting is that
the operator h commutes3 with both Eq. (1.1) and (1.2), meaning that handedness is
a constant of time for both Dirac and Weyl particles. However, helicity of a massive
particle depends on the frame of reference. One can boost it to another frame where
momentum is opposite, but spin is unchanged. For massless particles traveling at the
speed of light, one cannot boost to such a frame. Hence, the Dirac fermion cannot be
exclusively left- or right-helical in all frames, whereas a Weyl fermion is exclusively
left- or right-helical. Another sense of handedness is associated with a matrix γ5 with
the properties γ5,† = γ5 and (γ5)2 = 1 having two eigenvalues −1 and 1 referred to








where σ0 is the 2× 2 identity matrix. The chirality operator, γ5, does not commute
with the (3+1) dimensional Dirac Hamiltonian, Eq. (1.1), because of the mass term.
3The helicity operator commutes with Eq. (1.2) in the sense that the Weyl equations are re-
grouped into a 4× 4 matrix equation.
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Therefore, if a massive particle is found to be in a left- or right chiral state, its chirality
will change over time. Hence, neither helicity nor chirality is a definite characteristic
of massive Dirac particles.
The 2-spinors appearing in the Weyl equations (1.2) are left- and right-helical,
because they are eigenspinors of k̂ · σ, which is the helicity operator in the 2-spinor
subspace. From these, one can form 4-spinors that contain purely left- or right-helical
components as ψL = ( ψL0 ) and ψ
R = ( 0ψR ). These 4-spinors are simultaneously eigen-
spinors of the helicity operator, Σ · k̂ψL = −ψL and Σ · k̂ψR = +ψR, and eigenspinors
of the chirality operator, γ5ψL = −ψL and γ5ψR = +ψR. Hence, for massless parti-
cles in (3 + 1) dimensions helicity and chirality coincide, and therefore is handedness
for Weyl fermions unambiguous. A Weyl fermion with a given handedness χ = ±1
remains with that handedness for all time according to all observers. Since 4-spinors
ψL and ψR exist for both positive and negative energy, they are degenerate states.
To see how a Weyl fermion can appear as an emergent particle in low-energy
physics, one needs only an old pillar of condensed matter physics: band theory [34].
Many properties of crystalline solids can be understood simply by their energy bands.
With translational invariance, the crystal momentum k is a good quantum number
and the energy bands are functions of k in the Brillouin zone. The energy bands spec-
ify the energies that electrons in the crystal are allowed to take. The non-interacting
ground state is obtained by minimizing the kinetic energy when filling up unoccu-
11
CHAPTER 1. INTRODUCTION
pied states from the lowest energy with electrons in compliance with Pauli’s exclusion
principle. The energy corresponding to the last placed electron, denoted as the Fermi
level or chemical potential, demarcates all the occupied from unoccupied states. De-
pending on the material, there may be an energy gap ∆ between the highest occupied
and lowest unoccupied states.
With this simple picture of a ground state, one can classify certain crystals. If
the Fermi level lies within a large energy gap, ∆ ≫ kBT (T room temperature), an
electron in an occupied state cannot repopulate an unoccupied state when applying a
small external electric field. Consequently, the system does not respond to an external
electric field, and the crystal is referred to as an insulator. On the other hand, a metal
has a high mobility of electrons. Here, an unoccupied state can easily be populated by
an electron from a filled state when applying a small electric field allowing current to
flow. This means that the Fermi level has to be within a band. In-between these two
types of crystals is the semiconductor. While it has a band gap, it is far smaller than
for an insulator and typically ∆ ≲ kBT . A few electrons can be thermally excited into
the conduction band, and these electrons can move freely carrying a small amount of
current. When this gap closes, i.e., ∆ = 0, the Fermi level is within a band like in
a metal, but the density of states is vanishing near the Fermi level in contrast to a
metal. A Weyl node/point is exactly such a case.
A Weyl node is formed when two non-degenerate, linearly dispersing valence and
conduction bands cross at a single momentum, say k = k0, which is a degenerate
12
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point. Figure 1.3 illustrates these basic band structures. If the chemical potential
µ > 0 lies above the Weyl node, the Weyl semimetal (a material containing multiple
Weyl nodes, which will be introduced in next subchapter) has metallic character. To
this day, it remains a scholarly debate [35, 36, 37, 38, 39, 40], whether Weyl nodes






Figure 1.3: A simple classification of crystalline solids. Any real material has a multi-
band structure, but here only the highest occupied and lowest unoccupied bands
are illustrated. A minimal Weyl semimetal is illustrated with two nodes of opposite
chirality separated in momentum space.
In a generic two-band subspace, two scenarios can occur: either bands cross or
they do not. In the latter case, the energy spectrum is gapped and the mechanism
behind it is known as level repulsion of a two state system. In the former case,
the spectrum is gapless and bands are nondegenerate except at the node. One may
ask, how likely is it that this scenario occurs without restrictions from symmetry or
Hermiticity of the Hamiltonian? The answer is that such an accidental degeneracy
[41, 42], can occur by tuning three parameters of the two state Hamiltonian. In
band theory, one may regard the crystal momenta as parameters, the number of
13
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which equals the dimension of momentum space. Therefore, in 1 and 2-dimensions,
an accidental degeneracy is unlikely to occur4, whereas in 3-dimensions it can. By
expanding the two-state system to linear order in k near the Weyl node, one obtains
a form of the Weyl Hamiltonian,
H = ϵ(k)σ0 + χvFσ · (k− k0) . (1.5)
Here, σ is a vector of the three Pauli matrices corresponding to pseudospin, σ0 is
the identity matrix, and χ = ±1 is the chirality. Due to the resemblance of the
second term in Eq. (1.5) with the relativistic Weyl equation (1.2), this Hamiltonian
deserves its name. The immediate difference is that the speed of light c has been
replaced by the Fermi velocity vF and a new term, ϵ(k), is allowed which acts as a
momentum dependent chemical potential. A condensed matter Weyl fermion has two
internal states, which we refer to as pseudospin. It can either be real spin, indexing
sublattices or other degrees of freedom. Since Eq. (1.5) is expanded in all Pauli
matrices and the identity matrix, no local perturbation can gap out its spectrum.
The most a local perturbation can do is to change the position of the node in energy
and momentum space or distort the isotropic spectrum, σ · (k−k0), to an anisotropic
form σiλij(k − k0)j, where λ is a real 3 × 3 matrix. Here, Einstein’s summation
convention is used throughout the dissertation unless otherwise mentioned explicitly.




The stability of the Weyl node, Eq. (1.5), alluded to above has a topological origin
[3, 43]. A Weyl node corresponding to Bloch band n can be considered as a magnetic
monopole in momentum space with a topological charge density ρn(k) = χ2πδ(k).
Drawing a Gauss sphere in momentum space surrounding the node, one will find it
having a topological charge Qn = χ2π. Importantly, this is a quantized number, the
sign of which is determined by the chirality of the node. Hence, a single Weyl node
cannot disappear spontaneously, but only by annihilating with a node of opposite
chirality. From this, one can understand the topological stability of a Weyl semimetal.
Weyl nodes may occur at any energy formed between two bands in a multi-band
structure, but their total topological charge has to be zero (see argument below).
The total charge is found by enclosing the entire first Brillouin zone by a Gauss box
and calculating the total topological flux through it. On the other hand, due to
periodicity of the Brillouin zone, one can deform this Gauss box to enclose a volume
with no topological charge in it, see illustration in Fig. 1.4. Consequently, the total
topological charge, i.e., the sum of chiralities of nodes at the chemical potential, is
zero. This expresses a topological sum-rule for a Weyl semimetal.
The above topological sum rule expresses the solid state physics version of the
fermion doubling theorem [7, 8], which in other words says that Weyl nodes have to
come in pairs of each chirality. Furthermore, a Weyl semimetal is topologically pro-
tected if nodes are separated in momentum space. The Weyl semimetal is therefore
15
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a topological semimetal, contrary to a non-topological/ordinary semimetal. Together
with symmetry considerations, this helps us to classify different Weyl semimetal
phases. Analogous to Eq. (1.5), we define a prototype node at k0 with a given
chirality χ as H(k) = χvFσ · (k−k0), as one may ignore the term ϵ(k) for topological
considerations. Inversion symmetry operation takes k → −k and σ → σ, thus its
image node will have the form H(k) = −χvFσ · (k+ k0) located at k = −k0. Hence,
the minimum number of nodes for an inversion invariant Weyl semimetal is two with
opposite chirality. Similarly, time-reversal operation takes k → −k and σ → −σ,
thus the image node will have the form H(k) = +χvFσ · (k+k0) located at k = −k0.
As the two nodes have the same chirality, the total sum of these is not zero, which
it should be according to the sum-rule. But, a zero sum can be achieved by adding
two nodes of opposite chirality. Hence, the minimum number of nodes for a time-
reversal invariant Weyl semimetal is four, with two nodes of χ = +1 chirality and
two nodes of χ = −1 chirality. From this follows that for a system invariant under
both time-reversal and inversion symmetry, any node would have to be superimposed
with a node of the opposite chirality, which is no longer a Weyl semimetal with only
two bands crossing. Furthermore, a time-reversal invariant Weyl semimetal thus has
to break inversion symmetry and vice versa. Lastly, if the system does not respect
any symmetry, then Weyl nodes can be anywhere in momentum space with an even
number of left- and right-handed chiralities.
In 2015, Weyl semimetals in crystalline solids were experimentally observed [13,
16
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16, 17] in materials whose electronic excitations have a strong coupling between spin
and orbital degrees of freedom and belonging to the class of time-reversal invariant,
inversion symmetry-breaking, Weyl semimetals. While many Weyl semimetals of the
time-reversal invariant class have been reliably identified, unambiguous experimental
confirmation of Weyl semimetals belonging to the inversion invariant class is still a
challenging task. Only a few materials [44, 45, 46], among many candidates, are ex-





Figure 1.4: Brillouin zone in the kxky-
plane. A Gauss box (blue line) enclosing
the entire first Brillouin zone (black line),
and a Gauss box (small blue square) en-
closing a region with no Weyl nodes are
drawn. Two Weyl nodes with chirality
χ = 1 and −1 are indicated by a red and
green dot, respectively.
We have seen in Eq. (1.5) that a term ϵ(k) independent of pseudospin is allowed
in addition to the relativistic version of the Weyl equation. From the above classi-
fication of Weyl semimetals, we know that Weyl nodes will generally not be at high
symmetry points of the Brillouin zone edge, and definitely not at time-reversal in-
variant momenta (TRIM) of the Brillouin zone. Only at these special points [47] will
ϵ(k) = 0, generally. Hence, in generic Weyl semimetal materials, it is expected that
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ϵ(k) = ϵ0 + v · (k − k0) with ϵ0, a constant energy off-set, and v, a vector of three
parameters. In chapter 3 we will return to a discussion about such a term.
This chapters made it clear that a Weyl semimetal is a special kind of semimetal,
a topological one. As with any topological state of matter, this manifests itself in
various remarkable ways, in particular, in topological surface states and responses to
applied electromagnetic fields, see Refs. [48, 10] for review. Of type-I Weyl semimet-
als, most of these exotic phenomena have the strongest and clearest signatures when:
the nodes are pinned at (or near) the Fermi energy, the term ϵ(k) of Eq. (1.5) is
negligible, and no trivial bands near the Fermi level exist. A Weyl semimetal with
these bulk properties is referred to as “ideal”, see Fig. 1.3. To the author’s knowl-
edge, only one material [49] has been discovered with a single pair of Weyl nodes
at the Fermi level without any coexisting trivial bands. This material has a term
ϵ(k) = v · (k − k0) independent of pseudospin. However, Ref. [35] predicts a fully
ideal5 Weyl semimental in the HgTe-class of materials.
1.3.1 Inversion Invariant Weyl Semimetal Model
Now, we focus on the protected topological surface states, which are most easily
explained in the context of a Weyl semimetal model, providing us some intuition
about how Weyl semimetals occur and their relation to other states of matter. A
5In photonic crystals and topological circuits, fully ideal type-I Weyl nodes have been observed.
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model6 of a Topological Insulator (TI) and Normal Insulator (NI) heterostructure
[50, 51, 52] will be used. Later, in Ch. 5, when illustrating the coupling of a neutron
to Weyl fermion, we will use a toy model of this more realistic model.
A topological insulator thin-film Hamiltonian HTI = vFτ
z(ẑ × σ) · k has two-
dimensional gapless surface states on each surface designated by τ z, where σ is a vec-
tor of Pauli spin matrices. In a thin-film, the surfaces are hybridized by H∆S = ∆Sτ
x.
One can gap out these surface states [53, 54] by doping with magnetic impurities
HZ = mσ
z. In conclusion, the entire Hamiltonian is Hslab = HTI +H∆S +HZ which
can be written in a block diagonal form Hslab = vF(ẑ × σ) · k + mrσz, where mass
mr depends on m and ∆S with each block indexed by r = ±1. Figure 1.5 illustrates
these gapped 2D Dirac fermions on the edges of the slab after magnetization. From
this, one constructs a finite size TI-NI heterostructure by interlacing NI slabs with
TI slabs, where d is the length of the superlattice in the z-direction, see Fig. 1.5.
This creates a Hamiltonian HTI−NI = vF(ẑ × σ) · k +M(kz)σz where a new mass
term M(kz) is considered a function of kz for a given m,∆S and ∆D, where ∆D is
the coupling between two neighbor TI slabs.
Figure 1.5: TI-NI heterostructure. Left picture illustrates one TI layer. Right
picture illustrates many TI-NI layers. From Ref. [52].
6To date, no Weyl semimetal material has been found that realizes this model.
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The evolution of the Weyl semimetal phase diagram, see Fig. 1.6, can be un-
derstood as follows. In the time-reversal and inversion symmetric limit, m = 0, the
two Weyl nodes are superimposed and form a double degenerate linear spectrum
of the massless Dirac Eq. (1.1), which is a phase transition point, ∆S/∆S = 1,
between a normal and topological insulator [4, 5]. On increasing m from zero to
m = |∆S − ∆D|, the Dirac node splits into nondegenerate bands forming separated
Weyl nodes at k = (0, 0,±k0). As m is increased further, the two nodes keep moving
along kz and eventually meet for m = |∆S+∆D| to annihilate and leave the spectrum
fully gapped.
Figure 1.6: Phase diagram of TI-NI heterostructure. Left diagram is with no doping.
Right diagram is with doping. From Ref. [51].
It is convenient to regard the bulk Hamiltonian as a gapped 2D Dirac Hamiltonian
with a mass M(kz) for a fixed kz, i.e., Hkz(kx, ky). When varying the parameter kz,
the sign of the mass changes across kz = ±k0, at the Weyl nodes where the gap
closes, i.e., M(±k0) = 0. It is well known [55, 56, 57] that such a point marks a










In a continuum model, one can only calculate the change in the Hall conductance.
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However, one can also find the sign if the Hall conductance at a kz before this new
state is known. In Fig 1.7, the mass function M(kz) is illustrated for the present case
m ̸= 0, but also for the reference state, i.e., the time-reversal symmetric phase with
m = 0. Since the reference state is a 2D insulator, either a normal or topological
one depending on ratio ∆S/∆D, (see phase diagram Fig. 1.6), the sign of its mass is
constant (here negative) for all kz. We now know the regions of kz, where the mass
did not change sign in-between m = 0 to m ̸= 0, are trivial with no Hall conductivity.
Likewise, the remaining regions of kz are non-trivial with a nonzero Hall conductivity,
since the mass did change sign in-between m = 0 to m ̸= 0.
Figure 1.7: Weyl semimetal as a 2D
Dirac Hamilton Hkz(kx, ky) with mass
M(kz). The mass corresponding to no
doping (blue line) differs from a doped
one (red to black curve). Adapted from
Ref. [58].
Each Hall layer / Fermi arc state (a chiral edge state) contributes a Hall con-
ductivity of σxy(kz) =
e2
2πh




Therefore, a Weyl semimetal can be viewed as a phase of 2k0 (length of Fermi arc)
stacked 2D Chern insulators7. Furthermore, the anomalous Hall conductivity of a
Weyl semimetal is proportional to the separation 2k0 between the nodes. If disor-
der is included (but interactions ignored) the Weyl semimetal persists being a metal
and not an insulator. Hence, a Weyl semimetal is not a Hall insulator, but an un-
7A Chern insulator [59] is a 2D insulator but has a Hall conductivity without a magnetic field.
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usual metallic state characterized by a finite nonquantized quantum anomalous Hall
conductivity.
When the doping m reaches maximum and beyond m ≥ |∆S+∆D|, the two nodes
meet (spanning the Fermi arc from Brillouin zone edge to edge) and annihilate each
other, and the Weyl semimetal makes a phase transition into a quantum anomalous







per TI layer d, see Fig. 1.8.




function of m/∆S. From Ref. [50].
The planes in momentum space with a normal direction parallel to the kz axis
are trivial, since the bulk Weyl nodes contribute a zero total topological flux through
these planes. On the remaining 2 planes, topological protected surface states, called
Fermi arcs [6, 60], exist and in general form open arcs on the surface Brillouin zones
for the upper and lower surfaces, see Fig. 1.9. In other words, the Fermi arc on one
either surface does not form a closed loop as does a Fermi surface conventionally8.
Hence, this Fermi arc could not have occurred in a 2D system nor in a gapped system.
As the bulk is half-filled right to the energy of the Weyl nodes, the bulk Fermi surface
8They are defined as the intersection of the dispersion and chemical potential.
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is just two points which remains two points in the surface Brillouin zone after being
projected onto the surface. In this case, the Fermi arcs (the constant zero energy
contour), end at the surface Brillouin zone projections of the bulk Weyl nodes of
opposite chiralities. Another interesting feature is that surface states delocalize into
the bulk ∼ e−z|kz−k0| → 1 until the Weyl node projection, kz = k0, at which the
surface states are merged to bulk bands and no longer well-defined.
Figure 1.9: Total Fermi surface at half
filled bands: both bulk (red and green
point) and surface arc (red line) Fermi sur-
faces. From Ref. [58].
23
Chapter 2
Introduction to Neutron Scattering
Off Weyl Nodes
Except for establishing magnetic structure [61, 62, 63], spin dynamics [64], and
probing magnon excitations [27, 65], neutron scattering has by and large been absent
in revealing the physics in topological semimetals [10, 48]. Weyl semimetals, however,
are characterized by the property that their bulk excitations are spin-momentum
locked, meaning that an excitation’s velocity is correlated with the orientation of
its spin, which is characterized by the chirality. The state of positive or negative
chirality can be thought classically as spin parallel or antiparallel with momentum.
The magnetic property of Weyl excitations in momentum space indicates that inelastic
neutron scattering could measure such a correlation as it is a probe well-suited for
measuring magnetic properties of excitations, since a neutron interacts weakly with
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matter via a magnetic dipole interaction besides short-ranged forces.
The basic idea behind an inelastic neutron scattering experiment onWeyl semimet-
als, is that as a neutron scatters from the system, it excites an electron from a state
below the Fermi energy to one above. The chance of the electron’s velocity being de-
flected in a given direction depends on the angle between this direction and the initial
and final spins of the neutron (which in principle can be controlled experimentally).
If this can be seen in an experiment, it would be a sign of spin-momentum locking
and thereby a signature of Weyl nodes.
Inelastic neutron scattering would provide information that other experimental
techniques cannot obtain. For example, it would go beyond angle-resolved photoe-
mission spectroscopy in being able to resolve all three components of momenta and
so would be able to probe spin-momentum locking more cleanly. Inelastic neutron
scattering would correctly distinguish a Weyl semimetal from a narrow gap semicon-
ductor because the spin-momentum locking does not occur in the latter (at least not
at low energies).
However, it has long been known, that inelastic neutron scattering is a tech-
nique that has severe difficulties probing electronic excitations due to kinematic re-
strictions, form factor, and low density of states at the Fermi level. For normal
metallic systems, the cross-section intensity was predicted [66] to be as low as1
10−4 − 10−3 mb/meV sr f.u.. At first glance, the prospects of probing excitations
1Here, b denotes a barn with unit of meter squared, eV denotes an electron volt with unit of joule,
sr denotes a steradian which is dimensionless, and f.u. denotes a formula unit which is dimensionless.
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in Weyl semimetals seem worse, since the cross-section should be limited by the small
density of states at a Weyl point. We will show that the coupling between neutrons
and Weyl fermions has a contribution in addition to the usual form factor, which
can be large enough to compensate for the low density of states. The strength of
cross-section may therefore be large enough to be experimentally possible.
Besides this practical/experimental concern we will encounter a plethora of con-
ceptual issues relating to the prospects of neutrons resolving any properties of Weyl
fermions. These come in two forms. First, a neutron scattering event creates a sin-
gle particle-hole Weyl pair. However, the possible excitations form a particle-hole
pair continuum in their energies with respect to a given neutron momentum transfer.
Hence, the neutron response receives contributions from a whole particle-hole contin-
uum. However, only the neutron momentum transfer is known, but this can result
from many different combinations of momenta of the excited particle and hole, each of
which corresponds to a different change in the neutron spin. Second, a neutron inter-
acts with Weyl excitation’s pseudospin because of the magnetic field of its magnetic
moment. However, pseudospin is not directly related to real spin. The coupling of
neutron to pseudospin is therefore determined by specific material parameters, which
are a priori unknown. Thus, at first, it seems impossible that neutron scattering could
be used to identify Weyl fermions. On the contrary, our theory shows that neutron
scattering can detect spin-momentum locking of Weyl excitations in the easiest (fully
unpolarized) experiment. Furthermore, the scattering region of the cross-section has
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a discontinuous edge, which is a strong signature of scattering between Weyl nodes
transformed into Lorentz invariant form. This allows measurement of the anisotropic
Weyl nodes’ dispersion. It is surprising that despite pseudospin not relating to real
spin in a definite way, there is still an analogue of spin-conservation in the interaction
between the neutron and the Weyl fermion. This has the remarkable consequence
that the chirality, or topological charge, of inversion symmetric nodes is measurable
independently of the in general unknown and arbitrary coupling parameters.
Besides the primary problem discussed here of how to deduce the properties of
Weyl excitations from neutron scattering, the detailed analysis reveals that certain
elements discovered could give new information about Weyl semimetals. For example,
the coupling of a Weyl fermion to magnetic fields (not necessarily induced by a neu-
tron) is very different from the bare coupling to electrons. Without restrictions from
symmetry, the coupling can have 16 independent parameters and, more importantly,
be larger than the ordinary Bohr magneton. Furthermore, the analysis suggests that
highly unusual types of particle-hole excitations could be generated by a neutron
scattering event, the pair of which would, in addition, be allowed to interact through
an electric dipole-dipole interaction, which free electrons can not do.
This dissertation investigates theoretically inelastic neutron scattering off a type-I
Weyl semimetal. To make the discussion general, we will consider Weyl nodes with
realistic anisotropy. The rest of this chapter is a first encounter with inelastic neu-
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tron scattering off ideal/isotropic Weyl nodes. Chapters, 3, 4, and 5, construct the
neutron scattering cross-section measured in a hypothetical experiment on realistic
anisotropic Weyl nodes. Once having derived this, chapter 6 will exclusively focus
on its interpretation. It turns out to require non-trivial transformations of the de-
tected response in order to measure the dispersion of bulk Weyl excitations, their
characteristic spin-momentum locking, and associated chirality.
2.1 Neutron Scattering Off Ideal Weyl Nodes
Let us begin considering the simplest Weyl semimetal introduced in Sec. 1.3, that
is one with two Weyl nodes at momenta k0,1 and k0,2. Furthermore, let us assume
that the Hamiltonians near these are on the idealized form,
H0,i(k) = χivFσ · (k− k0,i) . (2.1)
Here, vF is the velocity of Weyl particles and χi = ±1 is their chirality which we
will be interested in measuring. The vector of pseudospin Pauli matrices is σ. It is
convenient to introduce p = k − k0,i, the momentum measured relative to the Weyl
point, because the Weyl equation has two solutions corresponding to the conduction
and valence band, labeled by η = ±1, with energy ξwη (p) = ηvF|p|. The eigenfunctions
of Eq. (2.1) are ψi,η(r) = e
ik·r/ℏuχiη(p̂), where uχiη(p̂) represents a 2-component
pseudospinor depending on momentum p̂ = (sin θp cosϕp, sin θp sinϕp, cos θp) relative
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The average of pseudospin σ in uχiη(p̂) is pointing either parallel or antiparallel to
the momentum p̂, according to χiη = 1 and χiη = −1, as illustrated in Fig. 1.2.
If the chemical potential lies at the Weyl nodes, a neutron with initial momentum
qi can scatter a Weyl fermion with momentum ki below the Fermi energy to a state
above the Fermi energy with momentum kf . In such a scattering event, two kinds of
excitations are possible: intranode and internode excitations. In intranode scattering,
the neutron scatters an electron in one node to a state within the same node, see Fig.
2.1 illustrated by the M0 transition. In the case of internode scattering, the neutron
scatters an electron from one Weyl node to another node, see Fig. 2.1, illustrated by
the two transitions M±. In any case, the neutron transfers energy ℏω and momentum
q = qi − qf to the Weyl semimetal with, accordingly, a change in internal energy
∆ξw and momentum ∆k = kf − ki due to energy and momentum conservation in
the scattering event. In this dissertation only internode scattering will be discussed.
Intranode scattering is discussed in Refs. [28, 67].
Such a scattering process is the result of a neutron interacting with the electronic
system. Several descriptions exist and a discussion can be found in Refs. [68, 69].
Here, we find it useful to begin with a description of the process as the vector poten-
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Figure 2.1: Low energy region of two isotropic Weyl nodes located at k0,2 = −k0,1 with
chirality χ2 and χ1, respectively. At zero temperature the valence band is filled (grey).
A possible internode transition is indicated by M0. The two internode transitions are
indicated by M±.
tial2 operator A(r) of the neutron’s magnetic moment interacting with the currents
of the electronic system. As the neutron probe the Weyl semimetal bulk, we can
safely ignore possible scattering contributions from the Fermi arcs (see Sec. 1.3.1). In
a neutron experiment, the detector’s counting rate per incoming neutron flux, called




∝ Sl m(q, ω) . (2.3)
This is the frequency and momentum Fourier transform of the scattering function
Sl m(r, t) = ⟨Jl(r, t)Jm(0, 0)⟩0, which is a correlator of the electronic transition current
2The vector potential A(r − rn) = (µ0/4π)µn × (r − rn/|r − rn|3) at spacepoint r induced by
a neutron magnetic moment operator µn = γ
ℏ
2τ at rn, where γ =
gµn
ℏ with nuclear magneton
magnetic moment µn =
eℏ
2mn
, neutron g-factor g. The permeability of free space is µ0.
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operators. The ultimate aim of Ch. 3 is to determine Sl m(q, ω). To do so, we will
need to find the current operator that describes the electronic transitions generated
in the scattering event. In Sec. 3.2 we will return to this pursuit. Nevertheless, the
response is overall determined by energy and momentum constraints of the scattering
event, which in turn are dictated by the dispersion of the bulk excitations. We will see
in Sec. 3.1 that dispersions in realistic Weyl semimetals are most likely not described
by Eq. 2.1. However, such an idealized Weyl semimetal still gives a good intuition of
the observed cross-section, which we will therefore content ourselves with for the rest
of this chapter.
The internode scattering process has momentum conservation represented by a
factor δ3(q − ∆k) = δ3(p −∆), where it is convenient to introduce new variables
∆ and p. The first is defined by ∆ = ∆k0 − q, i.e., the deviation between the
transferred momentum and the vector connecting the exact positions of the nodes
∆k0 = k0,f − k0,i. The second is defined by p = pf − pi, where the variables pi,pf
are the parts of the momenta that appear in the Weyl equation, i.e., the deviation
of each momentum from the corresponding Weyl point. These momenta may be
regarded as a sort of “kinetic momenta” because they determine in which direction
the particle moves and its spin state, while k0,1 and k0,2 are just constant offsets.
The change in energy of the electron, due to scattering from a negative energy
state at the first node to a positive energy state at the second node, is ∆ξw =
vF|pf | − (−vF)|pi|, so energy conservation is described by δ[ℏω − vF(|pf | + |pi|)].
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Graphically, the transferred “kinetic momentum” −∆ is represented by a vector
connecting the end-points of pf and pi and the energy is proportional to the sum of
their lengths. Thus, by using the triangle inequality then,
ℏω ≥ vF|∆| , (2.4)
which is the region of nonzero density of states of Weyl excitations (see Sec. 6.1).
The most basic observation using neutron scattering is the region of q, ω-space
in which the fully unpolarized cross-section is nonzero. The shape of this region is
determined by the region of density of states of Weyl excitations, Eq. (2.4), with
an intensity modulation due to the matrix elements for creating a particle-hole Weyl
pair. Suppose one plots the scattering cross-section at a fixed energy transfer. Then
the above inequality, Eq. (2.4), says that the scattering cross-section is nonzero only
inside of a sphere; the sphere is expected to appear with a strong relief as the cross-
section jumps sharply from zero at its surface. Clearly identifying this region from the
measured cross-section is contingent on the intensity of the Weyl fermion scattering
channel being sufficiently large compared to the intensity of background channels,
which will inevitably be present in a real experiment. To proceed developing the the-
ory, we assume that the Weyl fermion scattering channel has been cleanly separated
from background channels. Section 6.1 discusses the strength of the Weyl fermion
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scattering channel and possible background channels. Furthermore, suggestions about
how isolate the Weyl fermion scattering intensity from background intensity will be
presented. In an actual experiment, if one plots the cross-section at a fixed ℏω as a
function of the momentum transfer q, one will see two spheres of radii ℏω/vF cen-
tered at ±2k0 as in Fig. 2.2, which correspond to transitions (see Fig. 2.1) from the
first Weyl node to the second, or vice versa, which we call M± transitions. The M±
transitions are displaced in momentum because the physical momentum differs from
p by offsets ∆k0 = ±2k0. The way the cross-section varies within these spheres is
interesting to understand in detail because it is connected to spin-momentum locking
(see Sec. 6.2). However, from just observing the spheres one can determine the Weyl
node dispersion. By measuring the radius of a sphere as a function of transferred
energy, one may deduce the Fermi velocity of the Weyl excitations. The linear rela-
tionship between the radius of a sphere and the transferred momentum reflects the
linear dispersion of Weyl excitations.
The scattering cross-section, or structure factor Slm(q, ω), at a given momentum
transfer q does not have a sharp peak at a single transferred energy ℏω (as one would
have when exciting magnons), but instead shows a broad peak indicative of a contin-
uum of energies of a particle-hole pair for a fixed momentum transfer q. There are
two ways to understand this: for each ∆ there are different ways to divide momentum
between hole and particle because of ∆ = pf−pi. This gives a range of energies ∆ξw
for each ∆. Alternatively, for a fixed energy ℏω = ∆ξw there is a range of ∆’s. The
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M− : ∆k0 = −2k0ẑ
Figure 2.2: Region of nonzero scattering between two nodes at k0,2 = −k0,1 = k0ẑ.
The cross-section as a function of momentum transfer q varies within spheres, |∆| ≤
ℏω/vF, for nodes on form Eq. (2.1). For anisotropic nodes, Eq. (3.1), the nonzero
regions would be ellipsoids centered on ∆k0. Such a system can be reduced to an
isotropic system (provided v
(i)
0 = 0) by applying a transformation T to reshape the
regions into spheres |T∆| ≤ ℏω/vF.
latter is expressed by ℏω ≥ vF|∆| and illustrated in Fig. 2.2 by ∆ ranging within
the spheres of radii ℏω/vF.
We have already come to an important realization: a Weyl particle-hole continuum
is generated in the scattering event, meaning that the response Sl m(q, ω) measured
will sum up contributions from all the pairs in the continuum. From this consider-
ation it thus seems doubtful that one is able to measure spin-momentum locking of
excitations, and even more doubtful to measure their chirality. One may legitimately
object that in the above analysis only the neutron momentum transfer q was con-
trolled. Still, even if we controlled the maximum experimentally possible parameters,
i.e., q and both incident and scattered neutron spin, a Weyl particle-hole continuum
is generated in the scattering event, which means we still face the same issues men-
tioned. Later, we will see that the coupling of neutron to Weyl fermions is given by a
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scourge of arbitrary coupling parameters, which mixes up the matrix elements from
each particle-hole pair of the continuum contributing to the measured response. This
poses the question: is a neutron spin-flip process accompanied by a corresponding
spin-flip of a Weyl fermion? If indeed it is the case, that spin is not conserved in a
scattering event, then the slightest prospect of measuring chirality seem precluded.
Remarkably, it turns out that one can circumvent all of these obstacles. In Ch. 3,




Inelastic Neutron Scattering Off
Anisotropic Weyl Nodes
In this chapter we ask, what is the theoretically expected cross-section in an in-
elastic neutron scattering experiment off Weyl semimetals? Section 3.1 begins with
keeping the discussion as general as needed, but in Sec. 3.1.2 we restrict the Weyl
nodes involved in a scattering event. We will soon realize that we need to change
coordinates of the Weyl nodes, which are derived in Sec. 3.1.1. To derive the dynam-
ical structure factor, we first need to derive the coupling of neutrons to Weyl nodes,
which is done in Sec. 3.2. With all this in our hands, we turn to the actual derivation
of the dynamic structure factor in Sec. 3.3. In chapter 4, all the knowledge gathered
here is collected into a concise formulation of the inelastic neutron cross-section to
be obtained in a measurement assuming background scattering channels having been
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removed.
3.1 Isotropic vs. Physical Coordinates
In contrast to a relativistic description of Weyl fermions, a condensed matter Weyl
semimetal manifestly breaks [70] Lorentz invariance, because nodes are separated in




0 · p+ vFσlλ(i)l mpm , p = k− k0,i , (3.1)
where σ0 is the identity matrix and λl m is an arbitrary real matrix of parameters
(we use Einstein’s summation convention). Unlike the Hamiltonian Eq. (2.1) which
describes idealized Weyl nodes, Eq. (3.1) is the Hamiltonian for the most general form
of Weyl nodes aligned with the chemical potential. This includes [71] the possibility of
a term independent of pseudospin, v
(i)
0 , and an anisotropic term, λ
(i). The dispersion
of nodes in Eq. (3.1) is,
ξi(k) = v
(i)
0 · p± vF
√︁
pTλ(i),Tλ(i)p , p = k− k0,i (3.2)
= K(i)(p)± U (i)(p)
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The presence of v
(i)
0 and λ
(i) affects the Weyl node energy in different ways. In Fig.
3.1 these effects are illustrated by the contour plots of constant energies. For “ideal
isotropic” nodes (black lines), i.e., v
(i)
0 = 0 and λ
(i) = σ0, these contours are circles in
a 2-dimensional plot of px and py, where p is the momentum away from Weyl node
k0,i. Due rotational symmetry with respect to the Weyl nodes these contours are
spheres as a function of px, py, pz. On the other hand, the constant energy contours
of “tilted isotropic” nodes (red lines), e.g., v
(i)
0 /vF = 0.1x̂ and λ
(i) = σ0, are distorted
circles in a 2-dimensional plot of px and py and similarly px and pz. The term v
(i)
0,xpx
tilts the isotropic node in the direction of px. Finally, the constant energy contours
of “anisotropic” nodes (blue lines), e.g., v
(i)
0 = 0 and λ
(i) = diag(2, 1, 1), are ellipses
in a 2-dimensional plot of px and py. Due to symmetry between py and pz, these are
ellipsoids as a function of px, py, pz.
Before continuing, let us take note that in our definition of Weyl nodes Eq. (3.1),
the factorization of the coefficients of the second term as vFλ
(i) is arbitrary; vF can be
chosen in a convenient way, and the remaining factors which describe the anisotropy
are placed in λ(i). We have chosen to stick with Weyl nodes defined by Eq. (3.1),
which we have to keep in mind in Ch. 3.1.1. As the dimensionless anisotropic matrix
λ(i) has row index in pseudospin space and column index in momentum space, it has no
generic symmetry. One therefore interprets v2(i) = v
2
Fλ
(i),Tλ(i) as the squared velocity
matrix, which is necessarily symmetric and therefore orthogonally diagonalizable.
The eigenvectors of v2(i) are the principal axes of the node, and the square root of
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its eigenvalues are the speeds of the excitations along the principal directions. For
example, in the above anisotropic case, the excitations are moving along principal
directions x̂, ŷ and ẑ with magnitudes 2vF, vF and vF, respectively, i.e., the slope of
the dispersion along the x-axis is twice that of the y- and z-directions. For isotropic
Weyl nodes on the other hand, the velocities are the same in any direction.
px
py,z
Figure 3.1: Constant energy contours
of a Weyl node dispersion Eq. (3.3)
as a function of momentum px and py
(and similarly px and pz). Full, dashed
and dotted lines are contours of con-
stant energy ξi for larger to smaller
energy. Black lines plot an isotropic
node. Red lines plot an isotropic node
“tilted” in the x-direction. Blue lines
plot an anisotropic node with symme-
try in y- and z-directions.
Weyl nodes are generally classified into 4 types [72]. Here, we only have to draw
the distinction between type-I and II nodes before continuing developing a theory for
inelastic neutron scattering off type-I Weyl nodes. The distinction between a type-I
and type-II node is that a node is type-II if there exists a direction p′ in momentum
space where K(p′) ≥ U(p′). When that is the case, electron and hole pockets co-exist
at finite momentum, producing a finite density of states at the chemical potential.
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This scenario is very different from type-I, where the density of states is vanishing at
the chemical potential because of its point-like Fermi surface.
Contrary to Weyl nodes on the form Eq. (2.1), the form Eq. (3.1) poses questions
about the possibility of obtaining any useful information from the structure factor.
The foremost concern is the momentum conservation in a scattering event. We saw
in Ch. 2 that the constraint of momentum conservation in scattering between nodes
means that momenta from the two nodes are subtracted. The problem is that nodes
on the form Eq. (3.1) have the possibility that their principal axes are not aligned
with each other1. If so, the momentum conservation in internode scattering would mix
components of momentum from the hole and particle along their different principal
axes; i.e., no momentum conservation in a single coordinate system at all. Hence, to
ensure momentum conservation in a single coordinate system, we need to transform
the nodes in the original “physical” coordinates p into “isotropic” coordinates p̃,
where their principal axes are aligned. The dynamic structure factor, Eq. (2.3),
which we seek is therefore Sl m(q̃, ω) and no longer Sl m(q, ω).
1Note that for intranode scattering this is not a problem, since the momenta of both hole and
particle is within the same node. However, still in this case for the sake of calculating the dynamic
structure factor, it is convenient (which will become apparent in Ch. 3.3) to transform momentum
into isotropic coordinates.
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3.1.1 Principal Axis Transformation T
From now on, we will assume scattering is between a pair of nodes that are related
by either time-reversal or inversion symmetry. Only with this restriction are we able
to find the transformation to isotropic coordinates.
Define the nodes to be at k0,2 = −k0,1 = k0. The above symmetry takes a particle
at the secondWeyl point in the first-quantized state ψ2 to ψ1 = Tψ2 or ψ1 = Iψ2 at the
first Weyl point, in the case of time-reversal and inversion, respectively, where T = θK
and I = θ with K, a complex conjugation and θ, a unitary matrix. The matrix θ can
be chosen arbitrarily, since the two states at each Weyl point are pseudospin states.
One can choose the states in some particular way at the second Weyl point and define
the two states at the first Weyl point by the transformation of these states under the
appropriate symmetry combined with a convenient θ. Notice, that it is required that
T 2 = −1 and I2 = 1, but rather than constraining θ, they determine the way that T
and I transform the first Weyl point back to the second. For example, for inversion
symmetry θ does not have to square to 1 as long as ψ1 → ψ2 = θ†ψ1 then I2 = 1.
Let us unpack this knapsack and temporarily assume v
(i)
0 = 0 in Eq. (3.1). The






c†k,iH0,i(p)ck,i , H0,i(p) = vFσlλ
(i)
l mpm , p = k− k0,i . (3.3)
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The Hamiltonian has to be Hermitian, which means that λ
(i)
l m ∈ R for both nodes
i = 1, 2. The requirement that the Hamiltonian is invariant under time-reversal or
inversion symmetry means that the nodes are related by θH∗0,2(k)θ
† = H0,1(−k) and
θH0,2(k)θ
† = H0,1(−k), respectively, for any choice of unitary matrix θ. We choose
θ = σy for time-reversal symmetry, because with this choice, the requirement that
the Hamiltonian is invariant under this symmetry dictates that λ(1) = λ(2). For in-
version symmetry we choose θ = σ0, because with this choice, the requirement that
the Hamiltonian is invariant under this symmetry dictates that λ(1) = −λ(2). In
other words, for both kinds of symmetry the dispersion of a node and its image is
the same, which ensures that the transformation T we seek (not to be confused with
time-reversal operation T ) acts simultaneously on both nodes in the scattering pro-
cess. Moreover, these choices of θ are particularly neat because only with these can
the standard isotropic form of both Hamiltonians H0,1 and H0,2 occur. For example,
define H0,2 = vFσ · (k − k0) to be on the standard isotropic form, then the time-
reversed image for θ = σx is H0,1 = vF[σx(k + k0)x − σy(k + k0)y − σz(k + k0)z],
whereas for θ = σy it is H0,1 = vFσ · (k+k0). Both forms of H0,1 are right-handed as
H0,2, but only θ = σy transforms H0,1 to the standard isotropic form as H0,2.
We seek a principal axis transformation T of original momentum, which together
with a change of basis on pseudospin, transforms the original anisotropic Weyl node
Hamiltonian Eq. (3.3) into isotropic form Eq. (3.5). This transformation must have
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a determinant of one to ensure that the density of states for exciting Weyl fermions
does not change in the momentum transformation (see Sec. 3.3). Hence, in the
factorization of Eq. (3.3), the anisotropy matrix λ was required to be chosen such
that it has a determinant of one as well. This, in return, determines the new velocity
vF of the isotropic Weyl nodes, Eq. (3.5). Because of our choice to define a Weyl
node Hamiltonian with above factorization of the anisotropic term, the requirement
|T | = 1 is not aesthetic but physical.
In order to transform both nodes into isotropic form, it is sufficient to perform
a singular value decomposition on λ(2) only because of λ(1) = ±λ(2). A singular
value decomposition [73] is a general way to diagonalize non-Hermitian matrices; it
is a representation in the form λ(2) = ODRT with orthogonal matrices O and R
and a diagonal matrix Dab = daσ
0
ab (Einstein summation convention suspended), the
elements of which are the singular values, i.e., the components of vector d are the
square root of the eigenvalues of λ(2),Tλ(2). To transform the anisotropic Weyl node
Hamiltonian, Eq. (3.3), into isotropic form, one then transforms both momentum
and spin degrees of freedom. The new “isotropic” coordinate for momentum p̃ = T p
is obtained from the original “physical” coordinate p by a transformation,
T = RTD , |T | = 1 , p̃ = T p . (3.4)
This transformation is a coordinate rotation RT (transpose of R) and scaling da > 0.
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If spin is transformed [74] by a unitary matrix U such that Oa iσi = U
†σaU , then the
transformation H0,2(p) → UH0,2(T −1p̃)U † brings the second node, and thus both
nodes, into isotropic form,
H0,i(p)→ H0,i(p̃) = χivFσ · p̃ , (3.5)
where the velocity vF is now the geometric mean of the three principal velocities of
Eq. (3.3). Here, chirality is χ1 = χ2 for time-reversal symmetric nodes, and χ1 = −χ2
for inversion symmetric nodes, or alternatively χi = sign|λ(i)|.
By the transformation Eq. (3.4) we can relate the dispersion of anisotropic nodes,
Eq. (3.3), to isotropic nodes, Eq. (3.5). Because the dispersions for both time-




pTλ(2),Tλ(2)p , p = k− k0,i , (3.6a)
= ±vF|p̃| , p̃ = T p . (3.6b)
In the second form we used λ(2) = ODRT and Eq. (3.4) to define p̃ = T p. Notice that
the contours of constant energy of the dispersion in physical coordinates, Eq. (3.6a),
as a function of p is ellipsoidal, whereas the dispersion in isotropic coordinates, Eq.
(3.6b), as a function of p̃ is a sphere. Figure 3.1 illustrates the contours of constant
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energy for dispersions Eq. (3.6) in the isotropic case and for a specific anisotropy.
Section 5.1 and 5.2 illustrate how to transform the Hamiltonian of a toy model
Weyl semimetal from physical to isotropic coordinates. In these chapters, we will also
use the opportunity to dwell on the particular factorization of Weyl node anisotropy
of Eq. (3.1), which is of utmost importance when deriving the transformation Eq.
(3.4).
3.1.1.1 Measuring the Principal Axis Transformation T
In order to unravel several properties of Weyl fermions from the cross-section data,
one needs to experimentally measure the principal axis transformation T , that is re-
quired to transform the cross-section data before one can interpret it.
Recall that Ch. 2 introduced the transferred momentum ∆ as the convenient
variable to describe internode scattering between isotropic Weyl nodes. It was defined
as ∆ = ∆k0 − q, i.e., the deviation between the transferred neutron momentum q
and the vector connecting the exact positions of the nodes ∆k0. The internode vector
∆k0 = ±2k0 corresponds to the two M± transitions illustrated in Fig. 2.1. Chapter 2
explained furthermore that the region of nonzero scattering between idealized nodes,
Eq. (2.4), is restricted to ℏω ≥ vF|∆|, i.e., two spheres for a fixed energy as illustrated
in Fig. 2.2. For a material with nodes already in the isotropic form, no principal axis
transformation T is needed, but only for nodes that are anisotropic.
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In general, the dispersion of Weyl fermions is likely to be anisotropic. We can find
the region of allowed momentum and energy transfer by utilizing the transformation
of anisotropic nodes, Eq. (3.3), to isotropic form, Eq. (3.5), by the principal axis
transformation T , Eq. (3.4), which we need to measure from an experiment. Hence,
from the result of Ch. 2 together with the transformation, we have,




Hence, for a fixed energy ℏω the nonzero regions are two spheres as a function of
∆̃ = T∆, whereas they are two ellipsoids as a function of ∆. The regions of allowed
scattering therefore correspond to the single particle constant energy contours of Eq.
(3.6) illustrated in Fig. 3.1.
In an experiment, one measures the cross-section as a function of neutron momen-
tum transfer, q, at a given neutron energy transfer, ℏω, and will therefore observe
Eq. (3.7b), i.e., two ellipsoid regions centered on ±2k0. By measuring the directions
and lengths of the principal axes of one of these ellipsoids, one can construct T . The
directions of the principal axes give the eigenvectors v̂i of λ
(2),Tλ(2) used to construct
the coordinate rotation matrix R = [v̂1, v̂2, v̂3]. The lengths of the principal axes,
ℏω/vFdi, give the eigenvalues squared d2i of λ(2),Tλ(2) used to construct the diagonal
“stretching” matrix with elements d = (d1, d2, d3)
T ordered as d1 ≥ d2 ≥ d3 > 0.
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From these measurements, one can construct the linear transformation T , Eq. (3.4),
that distorts this ellipsoid to a sphere given by Eq. (3.7a) upon redefining ∆̃ = T∆.
In other words, these are measurements of the anisotropic Weyl node dispersion.
Notice that the regions of allowed momentum and energy transfer, Eq. (3.7), are
the same regions of the density of states of Weyl excitations (see Sec. 6.1). The struc-
ture factor and cross-section are therefore also restricted to these regions, although
the intensity would vary within the region because of spin-momentum locking. In
the case that spin-momentum locking causes the intensity along a principal axis to
be too low to be resolved, one can then vary the energy ℏω of Weyl fermions. In
this way, one can measure from the cross-section the principal axes, velocities of the
dispersion, as well as the transformation T that will be important to be able to see
the predictions of this theory (see Ch. 6).
Section 5.3 illustrates how to measure the transformation T for inelastic neutron
scattering from a toy model Weyl semimetal.
3.1.2 Conditions for Lorentz Invariance and its Con-
sequences
This section summarizes which type-I Weyl nodes our theory of internode scatter-
ing is applicable to. The scattering is restricted to pairs of nodes which can simulta-
neously be transformed to the relativistic (Lorentz invariant) form Eq. (2.1). We will
47
CHAPTER 3. INELASTIC NEUTRON SCATTERING OFF ANISOTROPIC
WEYL NODES
see below that Lorentz invariance leads to some special properties of the cross-section:
physically (measurable), there is a discontinuity of the cross-section at the surface of
the spherical regions in momentum space where the cross-section is nonzero; mathe-
matically, the variation of the cross-section as a function of momentum can be found
using Lorentz transformations.
As explained in Sec. 3.1.1, transforming the momentum by a linear transformation
p̃ = T p as well as the spin, we can remove the anisotropy of Eq. (3.1). However,
there is no way to eliminate the term independent of pseudospin by a coordinate









0 in the new coordinates. The type of symmetry connecting the Weyl
nodes determines their relative chirality; for time-reversal and inversion symmetry,
they are χ1 = χ2 and χ1 = −χ2, respectively.
This form of the Hamiltonian makes it clear that the only term which breaks
Lorentz symmetry is ṽ
(i)




0 = 0. This case is a good starting point for understanding
2Notice, that the cross-section of any type-I Weyl semimetal, |ṽ0| ≤ vF, is analytically tractable
as outlined in Ref. [28]
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neutron scattering off Weyl semimetals, although the term ṽ
(i)
0 is present in generic
Weyl semimetals (c.f. Sec. 1.3) and it can change some of the predictions made here.
The transformation T is constructed such that the second term in Eq. (3.1) trans-
forms into the standard isotropic form of Eq. (3.8). If the term ṽ
(i)
0 is negligible, then
the Hamiltonian is clearly isotropic and even has a relativistic symmetry. Importantly,
because of the time-reversal or inversion symmetry, the transformation T is the same
for both nodes; i.e., the nodes have their principal axes aligned and are isotropic in a
single coordinate system. This is crucial for our calculation of the dynamic structure
factor (see Sec. 3.3); without it, we would not be able to use Lorentz symmetry, and
the contour of constant energy of excitations would not have the simple ellipsoidal
shape that is found in Sec. 6.1. As a consequence, the regions of nonzero scattering
would not end sharply. In order to compare experimental results to this theory, it
will be necessary to determine the transformation. We showed in Sec. 3.1.1.1 that
it is easy to see the form of T experimentally from a plot of the structure factor at
fixed neutron energy transfer, and Sec. 5.3 illustrates this for a Weyl semimetal toy
model.
The following are the precise conditions under which Lorentz invariance can be
assumed:
1. The nodes involved in the scattering are aligned (or nearly aligned) with the
chemical potential. This requires careful doping of the materials discovered so
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far. But in a material where all the Weyl nodes are at the same energy, due to
symmetry, it can be an automatic property of a compound with an even number
of electrons per unit cell.
2. Scattering is between two nodes connected by either time-reversal or inversion
symmetry.
3. The three components of ṽ
(i)
0 in Eq. (3.8) vanish. Although this condition is
not generally satisfied exactly, we will assume it to be, in order to be able to
use Lorentz invariance. A nonzero but small, |ṽ0|/vF ≪ 1, does not change the
predictions too much.
Under these conditions, the dynamics of the excitations of the material are entirely
Lorentz invariant, but their interaction with neutrons is not. Thus, the cross-section
will not be Lorentz invariant, but it can be predicted using Lorentz symmetry. It turns
out that the cross-section for a given initial and final neutron polarization is a certain
component of a relativistic tensor (see Ch. 4); the tensor for any net momentum ∆̃
can be obtained by applying a Lorentz transformation to that tensor in the rest frame
(see Sec. 3.3 and Appx. B).
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3.2 Neutron-Weyl Fermion Interaction
In a neutron experiment, one is bound to be concerned with the strength of the
cross-section, because one always has to have adequate counting statistics in order to
be able to detect any signal. In purely conventional magnetic scattering, the strength
of the cross-section is basically determined by the density of states of excitations times
the classical electron radius squared because the bare coupling of neutron to magnetic
moment per Bohr magneton is g
2





In Weyl semimetals, the density of states of excitations for a single Weyl node is
∝ (ℏω)2, which is small for low energy transfers ℏω. Although, we will show in Ch. 6
that all the obstacles of inelastic neutron scattering off Weyl semimetals mentioned
in Ch. 2 can be circumvented; still, it is a practical concern whether the strength of a
signal is large enough. In this section, the coupling of neutron to Weyl fermions will
be derived in generality. It turns out that this coupling behaves very differently from
that of conventional magnetic scattering and can be large enough to compensate for
the small density of states. In Sec. 5.4, we will use a Weyl semimetal toy model as
a proof of concept to illustrate this point. The strength of the cross-section will be
discussed in Ch. 6.
The interaction of a neutron with a Weyl semimetal (treated in the Born approxi-
mation) was hitherto described as the vector potential operator A(r) of the neutron’s
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dr J(r) ·A(r− rn) , (3.9)
where A(r − rn) is the vector potential of a neutron at rn. If a full realistic band
structure is available, a direct way to calculate the scattering function Sl m(r, t) =
⟨Jl(r, t)Jm(0, 0)⟩0 would be to evaluate the matrix elements of the exact current op-
erator (including spin and orbital parts) between the Bloch states. However, near a
Weyl point, one can focus on a few parameters from this calculation and obtain an
effective current operator Jeff (r), which can be represented as an effective anomalous
magnetic moment operator M(r). Hence, the interaction between the neutron and
the electrons, Eq. (3.9), can be replaced by the standard form for the energy of a




drM(r) ·B(r− rn) , (3.10)
whereB(r−rn) is the magnetic field induced by a neutron at rn. Once having obtained
M(r), the dynamic structure factor we seek is Sl m(r, t) = ⟨Ml(r, t)Mm(0, 0)⟩0. A
description in terms of the interaction Eq. (3.9), with Jeff (r) replacing J(r), or by
Eq. (3.10) yields the same cross-section, of course, but offers different interpretations.
The former approach, conventional in quantum electrodynamics [29, 75], is intuitive
in that a scattering event generates an electronic transition current between nodes.
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The latter approach, conventional in neutron scattering literature [76, 77], offers a
standard interpretation of Sl m(q̃, ω) proportional to a pseudospin susceptibility by
the dissipation-fluctuation theorem. Furthermore, this naturally leads us to wonder
whether an emergent electric dipole moment of the Weyl fermions should exist, as
well as the emergent magnetic moment (see Ch. 7). Next, we will find the emergent
magnetic moment of Weyl fermions in order to treat the coupling as Eq. (3.10).
3.2.1 Magnetic Moments of Weyl Fermions
In an actual experiment, if one plots the cross-section at a fixed ℏω as a function
of the momentum transfer q, one will see two regions of scattering corresponding to
the M± transitions as illustrated in Fig. 2.2. Since the two transitions can be related
to one another (see Sec. 3.3), we only need to find interaction for the M+ transition.
To find the effective electronic current operator, describing transition between Weyl
nodes, we begin by establishing the low-energy subspaces.
The Weyl Hamiltonian in the vicinity of the Weyl point, k0,i, can be developed
from the degenerate states exactly at these points by using time-independent, de-
generate perturbation theory. The Hamiltonian at a nearby point H0,i(k0,i + p) can
be found by treating p as a perturbation. We project it into the twofold degener-
ate subspace Di = {|s;k0,i⟩} exactly at the nearby Weyl point, enumerated by an
arbitrary pseudospin label s = ±1. These are not necessarily different spin states;
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they can be any two degenerate states, and could differ in orbital structure instead of
spin, for example. For momenta p ̸= 0 away from the node, the projected Hamilto-
nian can be expanded to first order as w(i) · p which removes the degeneracy, where
w(i) = ∂H0,i(p + k0,i)/∂p|p=0 is a vector of 2 × 2 matrices. Expanding in terms of
the three Pauli matrices and the identity matrix gives the effective low energy Weyl
Hamiltonian Eq. (3.1), under the assumption that the nodes are aligned at the chem-
ical potential. Note that the states {|s,k0,i⟩} are not eigenstates at a nonzero p; the
energy eigenstates take the form
∑︁
s=±1 cs(p)|s;k0,i⟩, where the cs’s form the eigen-
vector of w(i) ·p in its representation Di. In other words, the cs’s are the components
of the eigenspinor |p; ηχ⟩ of the Weyl equation.
For the M+ transition, we need only the current’s overlaps between states of the
degenerate subspaces D1 and D2. Below, we will see that the current J forms a
vector J (2k0) of 2× 2 matrices that describes the effective electronic current within
the low-energy subspaces. This matrix has no momentum dependence because it is
defined with respect to the basis {|s;k0,i⟩}, which are not energy eigenstates. The
momentum and polarization dependence of the neutron cross-section arise from the
functions c(p), as will be explained intuitively in Sec. 6.2.
Within the effective Weyl fermion description, J (2k0) is the 1st quantized operator
corresponding to the current; it has the same matrix elements for corresponding states
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in the more realistic descriptions. Conservation of momentum gives,
⟨s;k0,2 + p2|J(q)|k0,1 + p1; s′⟩ = δ3(q− 2k0 +∆)J (2k0)ss′ , (3.11)
without any dependence of the matrix elements on ∆, which is valid for |∆| ≪ |2k0|
as is considered here. The transition current density J (2k0) is purely transverse with
respect to 2k0. The electron-neutron coupling is hereby reduced to Eq. (3.9) with
the effective Weyl fermion current Jeff (r) replacing J(r), given by,
Jeff (r, t) = Ψ
†
2(r, t)J (2k0)Ψ1(r, t) + h.c. (3.12)
From electromagnetism, we know that current is related to magnetization by
J = curl M. By standard manipulations [78], we reverse engineer (which is valid
for momenta near the nodes) to obtain a magnetization operator,
M(r, t) = M(+)(r, t) +M(−)(r, t) , (3.13a)
M(+)(r, t) = Ψ†2(r, t)MΨ1(r, t) , (3.13b)
M(−)(r, t) = M(+),†(r, t) . (3.13c)
This allows one to express the interaction between the neutron and the electrons as
the standard form for the energy of a dipole in a magnetic field, Eq. (3.10), induced
by the neutron. Furthermore, the magnetization M, being a 2 × 2 matrix, can be
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expanded as:
M = µBσµFµ , µ = 0, 1, 2, 3. (3.14)
The jth component of Fµ ∈ C3 is defined as the (j, µ) component of Fµ, a 4 × 3
matrix which describes the coupling between the magnetic degree of freedom j and
the pseudospin degree of freedom µ. Since these indices transform differently (one
with spatial rotations and one with redefinition of the pseudospin basis), F µj is not
a geometrical object. It is merely a collection of complex coupling coefficients which







µBσ, which Eq. (3.14) is a generalization of. Roughly, F
µ
can be interpreted as the “anomalous” components of a “Weyl magnetic moment”.
However, it is not completely correct to use this analogy. The reason is that the
interaction involves a transition between states of two different nodes. Hence, the
presence of the “anomalous magnetic moment” coupling Fµ is a quantum effect from
the bands, which acts like a force on the pseudospin.
It is useful to relate Fµ to the effective current J (2k0). In doing so, Fµ can be
determined numerically by Eq. (3.15), if one has developed a realistic band structure
model, simply by evaluating the current operator (including both orbital and pseu-
dospin currents) between the pair of degenerate wavefunctions as described above.
With respect to internode direction k̂0, the couplings F
µ can be divided into
longitudinal and transverse parts Fµ = Fµ∥ + F
µ
⊥. Because of the neutron magnetic
field, only perpendicular components enter the cross-section, meaning that we have
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the freedom to set Fµ∥ = 0 for all µ. From the relations between M, Fµ and J , we
find,
Fµ⊤ = k̂0 × Fµ =
iℏ
2|2k0|µB
Tr [J (2k0)σµ] , (3.15a)
Fµ⊥ = F
µ
⊤ × k̂0. (3.15b)
Contrary to conventional purely magnetic scattering, the coupling Eq. (3.15) is deter-
mined by sixteen real numbers without invoking constraints from symmetry. These
contain information solely from bands, so without a specific band structure the cou-
plings are unknown. Thus, the coupling is structurally much more complicated than
the bare coupling of neutrons with matter, which is just a single number with mag-
nitude g
2
= 1. That is, F0⊥ ̸= 0 generally and Fi⊥ · ĵ ̸= δij always, (by the constraint
2k0 ·Fi⊥ = 0), and can even be very asymmetric with either a larger or smaller value
than the bare coupling. Furthermore, Fµ⊥ may become divergent upon approaching
|2k0| → 0, a topological phase transition. An example of these features is illus-
trated in Sec. 5.4 for a Weyl semimetal toy model3 mimicking the more realistic
model introduced in Sec. 1.3.1. To acquire some intuition about the coupling and its
consequences for the cross-section, in Sec. 6.2 we will illustrate it for the case that
most closely resemble conventional purely magnetic scattering, i.e., when F0 = 0 and
Fi · ĵ = δij. Section 6.3 considers the cross-section for any possible coupling.
3Except for the toy model, the coupling’s dependence on various Weyl semimetal’ band structures
has not been investigated.
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3.3 Dynamic Structure Factor
We finally have all the ingredients to calculate the dynamic structure factor: the
right coordinate system and interaction. First, the calculation must be done in the
isotropic coordinate system q̃ = T q with transformation T given by Eq. (3.4). The
structure factor we calculate is thus Sl m(q̃, ω), but we use the notation Sl m(q, ω) to
emphasize that the neutron actually sees q. So, Sl m(q, ω) means that it is a function
of q implicitly thorough T q. Second, the interaction, Eq. (3.10), is that of a neu-
tron’s magnetic field with an emergent magnetic moment, Eq. (3.13), of the Weyl
fermions.
The dynamic structure factor Sl m(q, ω) is the frequency and momentum Fourier
transform of the scattering function Sl m(r, t). The latter can be decomposed into
Sl m(r, t) = S
(−)
l m (r, t) + S
(+)
l m (r, t), the contributions of the two processes M
± defined
in Fig. 2.2, since we can ignore intranode scattering. For the M+ process,
S
(+)

















which is a van Hove type correlation function of magnetization operators4 (Heisen-
4Notice that the definition Eq. (3.16a) differs from that presented in previous chapters by having
a volume V factor. The structure factor, Eq. (4.1), of the cross-section is the Fourier transform of
Eq. (3.16a), and the volume expresses that translational invariance has been used.
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berg representation), Eq. (3.13), in the Weyl semimetal equilibrium. The structure
factor of a M− transition follows trivially from that of a M+ transition simply by
interchanging Weyl node labels5 1↔ 2. The Weyl fermion correlator,








is an intermediate scattering function of non-Hermitian operators σµ(−)(r, t) = σ
µ,†
(+)(r, t)
and σµ(+)(r, t) = Ψ
†
2(r, t)σ
µΨ1(r, t). These excite an occupied state from the vicinity of
one Weyl node to an empty state in the vicinity of the other Weyl node. Subsequently,
we will turn to the particle-hole picture where Eq. (3.17) becomes a particle-hole cor-
relator of the relativistic Weyl fermions.
The susceptibility is decomposed into χµ ν(+)(q, ω) = χ
′µ ν
(+)(q, ω) + iχ
′′µ ν
(+) (q, ω), i.e.,
χ
′(+)
µν , the reactive part and χ
′′µν
(+) , the absorptive part. According to the fluctuation-
dissipation theorem, the scattering function and the absorptive part of the generalized
susceptibility are related by σµ ν(+)(q, ω) = κ(ω, T )χ
′′µ ν
(+) (q, ω) where κ(ω, T ) = 2ℏ/(1−
e−βℏω) with β−1 = kBT . We know that χ
′′µν
(+) is merely the polarization bubble for
the M+ transition. This could be derived directly from the generalized Kubo formula
[77, 79], which expresses the linear response to the perturbation. In doing so, it
is crucial to take into account that Eq. (3.17) involves non-Hermitian operators,
and χ′′µν(+) is therefore anti-Hermitian (contrary to being imaginary as its analog in
5Weyl node indices 1 and 2 will not appear explicitly, but only implicitly. However, interchanging
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conventional purely magnetic scattering). Rather than doing this tedious derivation,
we will resort to the Lehmann representation. At zero temperature and infinite volume
limit, for noninteracting Weyl fermions in a translational invariant Weyl semimetal,
we get that,






dp̃f δ(p̃− ∆̃) δ (ℏω −∆ξw) (3.18)
×⟨−χi; p̃i|σµ|p̃f ;χf⟩⟨χf ; p̃f |σν |p̃i;−χi⟩ ,
with a change in internal energy ∆ξw = ξ+p̃f − ξ
−
p̃i
. The energy of the occupied
state ξ−p̃i is negative, and the excited state ξ
+
p̃f
is positive. Equation (3.18) is the
Lindhard function weighted by a pseudospin correlation between the Weyl fermion
ejected from the occupied state (i.e., |p̃i;−χi⟩), and scattered into the unoccupied
state (i.e., |p̃f ; +χf⟩). The two-component spinor |p̃; ηχ⟩ is that of Eq. (2.2), but
in a notation that is more suitable to the discussion in Ch. 6 pertaining to the
cross-section. Now we do a particle-hole transform [80], mainly for the reason that it
makes the expressions more symmetric and the relativistic symmetry more apparent.
A neutron transfers energy ℏω to the Weyl semimetal and creates a particle-hole Weyl







by reinterpreting −ξ−p̃i as the energy ξ
h
p̃i
of the created hole. In order to make this
picture consistent, we need to also redefine p̃i → −p̃i, i.e., a sign change on p̃i with
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respect to the definition in Ch. 2. In this particle-hole picture, Eq. (3.18) becomes,







δ(4) (Q− P) 2p̃0i 2p̃0f ⟨χi; ˆ︁p̃i|σµ|ˆ︁p̃f ;χf⟩⟨χf ; ˆ︁p̃f |σν |ˆ︁p̃i;χi⟩,
(3.19)
with constant c = πV/vF(2πℏ)3. Now the solutions at 1st Weyl point have chirality6
+χi. In this expression, the energy and 3-momentum delta functions have been com-
bined into an energy-momentum 4-delta function. The neutron energy-momentum
4-vector is Qµ = (Q0,Q) with Q0 ≡ ℏω/vF and Q ≡ ∆̃ = ∆k̃0− q̃, while the particle-
hole Weyl pair energy-momentum 4-vector is Pµ = (P0,P) with P0 ≡ ∆ξw/vF and
P ≡ ∆p̃ = p̃1 + p̃2. The integration measure and 4-delta are Lorentz invariant, but
the integrand is not yet written in a relativistic form. In order to do this, we will
transform from 2-spinors |ˆ︁p̃;χ⟩ to 4-spinors uχp̃ (as in Sec. 1.2), while simultaneously
transforming Pauli matrices to gamma matrices whose Lorentz transformation proper-
ties are more transparent. Since we have massless fermions, we chose the Weyl/chiral

























With these definitions, we find that a 4-spinor ϕ = (ϕ1, ϕ2)
T satisfies γµ∂µϕ = 0, if ϕ1
6Note that the hole actually does have chirality −χi; there is an additional complex conjugation
involved in exchanging the created and annihilated states.
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and ϕ2 satisfy the left- and right-handed Weyl equations respectively. Equation (3.19)
can now be written in terms of 4-spinors by introducing positive energy solutions
up̃ = (|ˆ︁p̃;L⟩, |ˆ︁p̃;R⟩)T, uLp̃ = (|ˆ︁p̃;L⟩, 0)T, uRp̃ = (0, |ˆ︁p̃;R⟩)T and ūχp̃ = uχ,†p̃ γ0 since in
the particle-hole formalism, both hole and particle have positive energy7. We must do
further calculations to rewrite the 2×2 Pauli matrices in terms of gamma matrices, in
order to determine the correct transformation rules, which differ for the two cases. To
that end, we temporarily rename χ′′µ ν(+) (q, ω)→ T µ νχ→χ(Q) or I
µ ν
χ→χ̄(Q) for time-reversal
and inversion-symmetric nodes, the final result of which is given in the next chapter
by Eq. (4.4) and Eq. (4.6), respectively, in non-relativistic notation in context of the
complete formulation of the cross-section. As the methodology for calculating this
by using Lorentz invariance is the same for both, albeit the inversion symmetric case
is much more difficult, we will only derive the time-reversal symmetric case in Appx.
B, and refer the inversion-symmetric case to Ref. [28]
The main point of all this is that χ′′µ ν(+) (q, ω) describes a pseudospin susceptibility,
i.e., the dynamic response of relativistic Weyl particle-hole pairs in a magnetic field
induced by a neutron. The transformation properties of χ′′µ ν(+) (q, ω) will be discussed
in Ch. 4 when the cross-section is presented, because the cross-section inherits the
transformation properties of the susceptibility.
Additionally, this formal discussion of the susceptibility makes it easy to under-
7Notice that, here and in Appendix B, the chirality is denoted by L,R for left- and right-
handedness, because ±1 will be reserved for positive and negative energy solutions.
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stand the density of states for exciting Weyl fermions. It is clearly the 00-component
of a Lorentz 2-rank tensor8, as is evident from Eq. (3.18) and (3.19), since the density







dp̃f δ(p̃− ∆̃) δ (ℏω −∆ξw) . (3.21)
Here we shifted the argument to focus on the spherical region in a (q̃, ω) plot of the
cross-section as illustrated in Fig. 2.2. Equation (3.21) highlights an important fact,
that the density of states in isotropic coordinates, ∆̃, is proportional to the density of
states in physical coordinates, ∆, with proportionality factor |T |. This is the physical
reason for the normalization of the principal axis transformation Eq. (3.4): T must
be constructed such that it has determinant of one, to ensure that the density of
states for exciting Weyl fermions does not change when transforming from physical
to isotropic coordinates.
This section completes the derivation of the inelastic neutron cross-section. The
formulation of the problem of neutron scattering off Weyl semimetals, basically con-
sisted in mapping the excitations created in the scattering process to a relativistic
process. Because the spin of a Weyl fermion is pseudospin, the interaction of the neu-
tron with Weyl fermions takes the form of an emergent magnetic moment, which is
8The density of states for exciting Weyl fermions can be calculated analog to the susceptibility
of the time-reversal symmetric case in Appx. B. The only difference is that there are no matrix
elements.
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determined by a scourge of anisotropic g-factors specified by the Weyl semimetal band
structure. The scattering rate for neutrons is thus equivalent to the rate of exciting
relativistic Weyl fermions with an applied field of a certain polarization determined by
g-factors of the neutron-Weyl fermion interaction. Next chapter collects all this infor-






This chapter presents the theoretical neutron cross-sections from scattering off
Weyl semimetals in several kinds of experiments. These cross-sections include the
Weyl fermion scattering channel only, and the possibility of background scattering
channels in the experimentally measured cross-sections will be discussed in Sec. 6.1.
The cross-sections presented in this chapter apply if the scattering is between two
nodes that are related either by time-reversal or inversion symmetry and are aligned
at (or near) the chemical potential. Furthermore, we must assume that the vector
ṽ0 of Eq. (3.8) is negligible. These conditions allow the results to be obtained
and interpreted in a relativistic way. Chapter 6 uses these formal cross-sections
to make predictions about what information on Weyl fermions can be obtained in
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experiments. The formulas presented in this chapter provide the theoretical tools for
further interpretation of cross-section data than presented in Ch. 6.
4.1 Total Inelastic Cross-section
First, we will give the total inelastic cross-section for arbitrary, initial, and final
neutron polarization, and arbitrary momentum and energy transfer. To be precise,
consider an incident neutron of a given momentum qi and spin state represented by
a spinor |τi⟩. Suppose a detector filters the scattered neutron according to its final
momentum and spin eigenvalue ±1
2
along a specific direction and counts only the
neutron with eigenvalue +1
2
, described by the state |τf⟩, say. Then, the counting rate
is proportional to the rate of transitions from the initial neutron state |in⟩ = |qi; τi⟩
via interactions with the Weyl semimetal defined by the Hamiltonian H0,1 +H0,2, to
the final state |fn⟩ = |qf ; τf⟩. The Weyl semimetal begins in the ground state, |iw⟩,
and ends in |fw⟩ upon absorbing neutron momentum q = qi − qf and energy ℏω.



















l m (q, ω) , (4.1)
where the matrix element of the perpendicular component (with respect to the in-
ternode direction) of neutron magnetic moment1 is µfi⊥ = ⟨τf |µ⊥|τi⟩. The dynamic
1The component of µ that enters the cross-section should really be the component perpendicular
to the momentum transfer q, but since we focus on low energy scattering, |q − 2k0| ≪ |2k0|, the
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structure factor, Eq. (3.16), is given by,
S
(+)








(+)(q, ω) , (4.2)
where Roman indices i, j = 1, 2, 3 and Greek indices µ, ν = 0, 1, 2, 3.
For conventional neutron scattering, the neutrons interact mainly with the spin
degrees of freedom and hence σµν(+)(q, ω)/2ℏ describes the spin susceptibility. In this
case, the states of the Weyl fermions are pseudospin states, so σ does not correspond
to the spin necessarily. Instead, σµν(+)(q, ω)/2ℏ describes the full magnetic susceptibil-
ity including both orbital and spin contributions to the magnetic moments, since we
determined the magnetization operator in a way that includes all these contributions.
The susceptibility can be calculated by integrating over all possible Weyl particle-
hole pairs. At zero temperature, we exploit Lorentz invariance to evaluate this an-
alytically (see Sec. 3.3 and Appx. B). The susceptibility for the scattering process
is,
χ′′µ ν(+) (q, ω) = σ
µ ν
(+)(q, ω)/2ℏ , (4.3)
which is a function of the physical neutron momentum transfer, q, implicitly through
∆̃ = T∆ = T (2k0 − q). For Weyl nodes related by time-reversal symmetry, the
chiralities are the same, χi = χf = χ. In this case, the susceptibility Eq. (4.3) is a
error is negligible, about ℏω/vFk0.
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Lorentz invariant rank-2 tensor with components:
a−1χ′′0 0(+) (q, ω) = |∆̃|2 , (4.4a)
a−1χ′′0 i(+)(q, ω) = a
−1χ′′i 0(+)(q, ω) = χ(ℏω/vF)∆̃i , (4.4b)
a−1χ′′i j(+)(q, ω) = ∆̃i∆̃j + δi j[(ℏω/vF)








For Weyl nodes related by inversion symmetry, the chiralities are opposite, χi =
−χf = χ. In this case, the susceptibility Eq. (4.3) transforms differently (see Ref.
[28]) for various µ, ν = 0, 1, 2, 3 and breaks up into three different tensors:
a−1χ′′0 0(+) (q, ω) = (3/2)[(ℏω/vF)
2 − |∆̃|2] , (4.6a)
a−1χ′′0 i(+)(q, ω) = a
−1χ′′i 0(+)(q, ω) = 0 , (4.6b)
a−1χ′′i j(+)(q, ω) = δi j[(ℏω/vF)
2 + |∆̃|2]/2− ∆̃i∆̃j + χ i ϵi j k (ℏω/vF) ∆̃k . (4.6c)
Here, χ′′0 0(+) is a Lorentz scalar. The tensor χ
′′i j
(+) appears not to be Lorentz covariant
since it has only spatial indices, but it actually is a usual type of tensor.
Combining Eq. (4.1) and (4.2) with either the time-reversal or inversion-symmetric
susceptibility, Eq. (4.4) or (4.6), gives the cross-section for scattering with both a po-
larized beam and a polarized detector. The susceptibility is expressed in the isotropic
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coordinate system obtained from the physical one by applying the transformation
∆̃ = T∆. The dynamic structure factor, Eq. (4.2), depends on the parameters
Fµ with µ = 0, 1, 2, 3 which determines the coupling of neutron to Weyl fermions.
These are a priori unknown without a specific band structure. Chapter 6 explains
that properties of Weyl fermions can be measured independently of knowing these
parameters. However, the coupling can be calculated by using Eq. (3.15) if a mate-
rial’s band structure is known. Having such information prior to an experiment will
be an advantage to the experimentalist since this fully determines the Weyl fermion
scattering cross-section, Eq. (4.1), for all neutron momentum and energy transfer.
The structure factor Sl m(q, ω) = S
(+)
l m (q, ω) + S
(−)
l m (q, ω) considered as a function
of neutron momentum transfer q = ±2k0 −∆, will be concentrated in small spheres
centered at ±2k0, as illustrated in Fig. 2.2, only if the nodes are in the isotropic
form, Eq. (2.1), prior to measurement. However, if nodes are in the anisotropic form,
Eq. (3.1), then Sl m(q, ω) will be ellipsoids for a fixed energy transfer ℏω. A linear
transformation q̃ = T q is necessary to transform these ellipsoidal regions into spheres
centered on ±2k̃0. Thereby Sl m(q̃, ω) plotted in isotropic q̃ coordinates will look like
Fig. 2.2 with ∆̃ replacing ∆. Section 3.1.1.1 explained how to find the principal axis
transformation T experimentally, and this procedure is illustrated for a toy model
in Figs. 5.2 and 5.3. Once having obtained T from a measurement, one has also
obtained the first information about Weyl fermions: their anisotropic dispersion, and
thereby the form of the Weyl equation (3.1) describing the Weyl nodes involved in
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the scattering process. The interiors of the spherical regions of Sl m(q̃, ω) contain the
scattering channel from Weyl fermions. To focus on the spherical region for an M+
transition, it is convenient to describe the cross-section in a coordinate system of ∆̃.
4.1.1 Unpolarized Detector
In realistic neutron scattering experiments, the initial neutron beam of N ≫ 1
neutrons has an average polarization vector P, which can be described by a density
matrix ρ = (τ0 +P · τ ) /2, where τ is a vector of Pauli matrices and τ0 is the identity
matrix in neutron spin basis. The inelastic cross-section, Eq. (4.1), of the scattered









Σ(+)(q, ω) +P ·Σ(+)(q, ω)
]︁
,










= Fµ,∗⊥ · Fν⊥χ′′µ ν(+) (q, ω)/π , (4.7a)









= iFµ,∗⊥ × Fν⊥χ′′µ ν(+) (q, ω)/π . (4.7b)
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The effective couplings Fµ,∗⊥ ·Fν⊥ and Fµ,∗⊥ ×Fν⊥ select which components of the pseu-
dospin susceptibility χ′′µ ν(+) (q, ω) are measured by neutron scattering. They are some-
what analogous to a polarizer for light - just as light with a certain electric field
strength is modulated when it is rotated relative to a polarizer, the signal of the Weyl
fermions in neutron scattering oscillates when the direction of q is rotated relative to
Fµ,∗⊥ · Fν⊥, and/or Fµ,∗⊥ × Fν⊥, even though it is the tensor χ′′µ ν(+) (q, ω) which rotates.
The (µ, ν) = (0, 0) component of the effective couplings gives rise to no angular
∆̃-dependence in the cross-section. However, the remaining Hermitian (i, j = 1, 2, 3)
parts do and can be written in their spectral decompositions,
















where αl and âl are the l
th eigenvalue and normalized eigenvector of the matrix
Fi,∗⊥ · Fj⊥. Likewise, βl and b̂l are the lth eigenvalue and eigenvector of the matrix
ik̂0 · Fi,∗⊤ × Fj⊤. To prove these, we used the fact that Fi⊥ · k̂0 = 0 for each i, hence
det[Fi · ĵ] = 0 and therefore Eq. (4.8a) and (4.8b) will have a zero eigenvalue. Notice
that in Eq. (4.8a) there is a direction, â3 = â1 × â2, in neutron spin space which is
not coupled to pseudospin space. Likewise, there exists the direction, b̂3 = b̂1 × b̂2,
in Eq. (4.8b). For example, the coupling most closely resembling purely conventional
magnetic scattering is F0 = 0 and Fi · ĵ = δij, which for a material with internode
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direction k̂0 = ẑ, yields an effective coupling for a cross-section with an unpolarized
detector that is,



















2 with associated eigenvectors â1 = x̂ and â2 = ŷ, and a direction â3 = ẑ
where neutron spin is not coupled to pseudospin.
The formal cross-sections presented in this chapter reveal several conceptually and
experimentally interesting cases, which we will discover in Ch. 6. In that chapter, we
will illustrate both ways of thinking about the effective couplings Eq. (4.8) i.e., both
as a matrix like Eq. (4.9) and its spectral decomposition.
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Toy Model Weyl Semimetal
In this chapter, we will illustrate most of the concepts introduced in Ch. 3 by
using a simple toy model of an inversion invariant, time-reversal symmetry-breaking
Weyl semimetal. This model does not represent a model of a realistic Weyl semimetal,
so we do not discuss the stability of its Weyl semimetal phase. Section 5.1 and 5.2
illustrate how to transform the Hamiltonian from physical to isotropic coordinates.
Section 5.3 illustrates how to measure the principal axis transformation T , Eq. (3.4),
from the region of nonzero scattering intensity. Most importantly, Sec. 5.4 explains
how to derive the coupling, Eq. (3.15), of neutrons to Weyl fermions. As a proof of
principle, this model illustrates that the coupling can be much larger than the bare
coupling.
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5.1 Physical Coordinates
In section 1.3.1, a model of an inversion invariant, time-reversal symmetry-breaking
Weyl semimetal was introduced. That model [50, 51] consisted of a heterostructure of
topological insulator slabs interlaced with normal insulator slabs. When the topolog-
ical insulator slabs were doped by magnetic impurities a Weyl semimetal phase was
generated. In this chapter, we introduce a toy model of that more realistic model.
As the topological-normal insulator heterostructure model was explained in length,
we will keep the discussion of this toy model brief.
A toy model of the heterostructure can be obtained by starting with a material
that is tuned to the transition between a topological and normal insulator, and by
introducing magnetic impurities. In a time-reversal symmetric material that is tuned
to the transition point, the gap is closed thus producing 3D Dirac points, which we
suppose to be at zero momentum. The Dirac points are described by a Hamiltonian
H3D = vDk · στ z, which is the massless limit of the Dirac Hamiltonian Eq. (1.1).
These may be regarded as two degenerate Weyl nodes, labeled by τ z = ±1, having
opposite chiralities, also given by τz. The σ corresponds to the spin of the state,
while τ labels different bands. As one moves away from the topological transition,
a hybridization term appears Hδ = δσ
0τx that couples the nodes with strength δ
and produces a gap. Returning to the transition point and introducing magnetic
impurities HZ = −mσzτ 0 that are assumed to order ferromagnetically along the
z-direction and interact equally with both orbitals breaks time-reversal symmetry
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Figure 5.1: Energy spectrum of four-band
model for |δ|/m = 0.5. The half-energy
gap (blue line) E1/2 = m− |δ| is indicated.
and separates the nodes in momentum space. If the hybridization term is present
as well and not too large, then it will not open a gap and the Weyl points will
remain stable as long as m > |δ|, assuming that m > 0. This yields a minimal
time-reversal breaking and inversion invariant Weyl semimetal four-band toy model
whose Hamiltonian H40 = H3D + Hδ + HZ has nodes at k0,2 = −k0,1 = k0ẑ, where
vDk0 =
√
m2 − δ2, and its spectrum is,
ξ40(k) = ±
√︂
(vD|k|)2 +m2 + δ2 ± 2m
√︁
δ2 + (vDkz)2 , (5.1)
which is plotted as a function of kz in Fig. 5.1 along kx = ky = 0.
Each node i = 1, 2 has a degenerate subspace Di = {|s;k0,i⟩} enumerated by
pseudospin label s = ±. Although the low energy sector of the Hilbert space consists
of four states, only the two states within a given degenerate subspace are required
to be orthonormal. The Hamiltonian is inversion symmetric, i.e., PH40 (k)P
−1 =
H40 (−k), where inversion is P = σ0τx. As explained in Sec. 3.1.1, in order to
ensure the effective Hamiltonian can be transformed into an isotropic form, the in-
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version symmetry must act as the identity–this is true within the space of degenerate
states since P |s,k1⟩ = |s,k2⟩. The degenerate states are |+;k0,1⟩ = (u−, u+, 0, 0)T,







1− (δ/m)2 . Following the guidelines of Sec. 3.2.1, we find the
effective low energy two-band model,
H0,i(k) = χiσlv
(i)
l mpm , p = k− k0,i , (5.2)
which has the form Eq. (3.1) with v(1) = −v(2) = vD diag(+1,+1,−
√
Λ), where
Λ = 1− (δ/m)2, v(i)0 = 0 and chiralities χ2 = −χ1 = 1.
Notice, that Eq. (5.2) has not yet been factored to the form Eq. (3.1). The v(i)
is deceptively simple and invites us to simply write v(i) = vDλ
(i), in which case the






Λpz)2, meaning that the velocity vD
√
Λ along
z-direction is slower than vD along the x and y-directions. Hence, upon rescaling
momenta to isotropic coordinates p̃ = T p with Tab = daσ0ab (Einstein summation
convention suspended) and d = (1, 1,
√
Λ)T will transform the anisotropic dispersion
into isotropic form ξi(p̃) = ±vD|p̃|. This factorization would be allowed in many
instances, but not in ours: |T | ≠ 1 in the Weyl semimetal phase region.
Recall that the factorization of v(i) relative to the isotropic speed ṽD, i.e., v
(i) =
ṽDλ
(i), is arbitrary up to a principal axis transformation matrix T , Eq. (3.4). The
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requirement |T | = 1 restricts |λ(i)| = 1 and therefore,
ṽD = |v(i)|1/3 = vDΛ1/6 . (5.3)




l mpm , p = k− k0,i , (5.4)
with new speed given by Eq. (5.3), and dimensionless anisotropy matrix λ(1) =
−λ(2) = diag(+Λ−1/6,+Λ−1/6,−Λ1/3). The anisotropic dispersion is,
ξi(k) = ±ṽD
√︂
(Λ−1/6px)2 + (Λ−1/6py)2 + (Λ1/3pz)2 . (5.5)
5.2 Isotropic Coordinates
The Weyl nodes, Eq. (5.4), can be orthogonally diagonalized simultaneously by
λ(2) = ODRT with RT = R−1 and OT = O−1. The singular values dj of λ
(2) are the
square roots of the eigenvalues of the velocity matrix λ(2),Tλ(2) = diag(Λ−1/3,Λ−1/3,Λ2/3),
so Dij = djσ
0
ij (Einstein summation convention suspended) with elements d1 = d2 =
Λ−1/6 ≥ d3 = Λ1/3 > 0. The right singular eigenvectors v̂j of λ(2) are the eigenvectors
of λ(2),Tλ(2) which form a basis for R3. Thus, R = [v̂1, v̂2, v̂3] = σ
0. The left sin-
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gular eigenvectors ôj of λ
(2) are ôj = (1/dj)λ
(2)v̂j forms O = [ô1, ô2, ô3]. The linear
combination σiOia can be written as a rotation of a Pauli matrix σa by a unitary
matrix U , i.e., Oaiσi = U
†σaU , which in this case is a π rotation around the z-axis,
so U = e−i
π
2
σ·ẑ. Changing the basis of pseudospin yields,
H0,2(p)→ H0,2(p̃) = χ2ṽDσ · p̃ , (5.6)
which transforms both nodes to the standard isotropic form with opposite chiralities
χ2 = −χ1 = 1. In other words, the effective Hamiltonian Eq. (5.4) is transformed into
isotropic form Eq. (5.6) with coordinates p̃ = T p with Tab = daσ0ab (Einstein sum-
mation convention suspended) and d = (Λ−1/6,Λ−1/6,Λ1/3)T. Finally, the anisotropic
dispersion, Eq. (5.5), becomes isotropic,
ξi(p̃) = ±ṽD|p̃| , (5.7)
upon rescaling momenta by p̃a = pada with new isotropic speed Eq. (5.3).
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5.3 Measuring the Principal Axis Trans-
formation T
In the two previous sections, we saw again how one theoretically derives the prin-
cipal axis transformation T that transforms the effective anisotropic Hamilton to an
isotropic form. In a real experiment, one has to construct T from a measurement.
This was explained in Sec. 3.1.1.1, but here we will use the toy model as an exam-
ple. Notice that this measurement constitutes a measurement of the Weyl nodes’
dispersions, i.e., the principal axes and velocities of the anisotropic nodes.
From an experiment, one simply looks at the region of q, ω-space in which the
cross-section is nonzero. In other words, this is the region of density of states of the
Weyl excitations, except for intensity modulations within this region due to spin-
momentum locking of the Weyl fermions. We know from Ch. 2 that, if nodes are
isotropic, then the plot of the cross-section, at a fixed energy transfer ℏω as a function
of the neutron momentum transfer q, will show two spheres of radii ℏω/vF centered
at ±2k0 as in Fig. 2.2, corresponding to the two allowed M± transitions (see Fig.
2.1). However, this toy model Hamiltonian, Eq. (5.4), is anisotropic. One would still
see two nonzero regions centered at ±2k0, but they would be ellipsoids described by
Eq. (3.7b). Let us focus on the region corresponding to the M+ transition, which as
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a function of neutron momentum transfer q is described by,
ℏω ≥
√
∆Tv2∆ , v2 = ṽ2Dλ
(2),Tλ(2) , (5.8)
where ∆ = 2k0 − q, and is illustrated in Fig. 5.2.
From measuring the directions and magnitudes of this ellipsoid’s principal axes,
one measures the eigenvectors and square root eigenvalues of the velocity matrix v2.
In the case of this toy model, the principal axes are v̂1 = x̂, v̂2 = ŷ and v̂3 = ẑ,
corresponding to the two minor axes and major axis. The lengths from the center
2k0 to the edge will be measured to be ℏω/ṽDd1, ℏω/ṽDd2 and ℏω/ṽDd3, where d1 =
d2 = Λ
−1/6 and d3 = Λ
1/3. From these measurements, one constructs the coordinate
rotation matrix R = [v̂1, v̂2, v̂3] and diagonal “stretching” matrix with elements d =
(d1, d2, d3)
T ordered as d1 = d2 ≥ d3 > 0. Thereby, one has experimentally measured
the principal axis transformation, Eq. (3.4), determined to be T = RTD with Da b =
daσ
0
a b (Einstein summation convention suspended). To interpret the cross-section, it
will be necessary to transform it from physical coordinates, q, to isotropic coordinates,
q̃ = T q. To check T , one transforms the cross-section into q̃. If it is correct, the
ellipsoidal regions distort into spheres centered at 2k̃0, illustrated in Fig. 5.3, and
satisfy |T | = 1.
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Figure 5.2: Region of nonzero scatter-











Figure 5.3: Transformed region of
nonzero scattering. The ellipsoidal re-
gion in q, ω-space, see Fig. 5.2, has
been reshaped to a sphere in isotropic
coordinates q̃ = T q.
5.4 Coupling of Neutron toWeyl Fermions
As we consider only scattering within the low energy sector of the nodes, the cou-
pling of neutrons to Weyl fermions Eq. (3.14) is determined by evaluating the matrix
elements of the HA interaction exactly at the Weyl node positions, i.e., evaluating the
left-hand side of Eq. (3.11) for the eigenfunctions of our model with p1 = p2 = 0 (i.e.,
pi = k − k0,i for i = 1, 2), and comparing to the HB interaction using the effective
description, Eq. (3.14).
To evaluate the left-hand side of this matrix equation, we introduce the current
operator J = evDστ z, obtained from H40 by a minimal substitution. On the right-
hand side, in the effective model, the spin operators σi are necessarily redefined to act
on the two-dimensional subspace, e.g., σz|s;k0,i⟩ = s|s;k0,i⟩, whereas the eigenstates
are not eigenfunctions of the original σz. Solving this matrix equation for Fµ gives
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where E1/2 = m − |δ| ≤ vDk0 is the half-energy gap at k = 0 indicated in Fig. 5.1.
The second expression is written in terms of parameters of the bands’ dispersion; the
sign depends on the sign of δ which cannot be seen from the dispersion.
For example, for a Fermi velocity of order1 vD = c/300, where c is the speed of
light, the magnetic moment per Bohr magneton for the internode coupling, i.e., its
g
2
-factor, is plotted in Fig. 5.4 as a function of node position and half-energy gap.
Hence, the coupling of a neutron to nodes is comparable to, smaller, or even much
larger than that of the electron and may diverge upon approaching the topological
phase transition. The cross-section will be estimated in the Sec. 6.1. The above
features hold, at least for this toy model which does not represent a realistic model.
However, these features could be more generic in nature and thus present in real
Weyl semimetals, but this question is left unanswered here. Alternatively, some Weyl
materials will be found that can actually be described as topological insulators with
magnetic impurities.
1For most Weyl semimetal materials realized so far, a velocity of order vD = c/300 is typical. At
least Ref. [81] is an exception.
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Figure 5.4: Coupling of neutron to
Weyl fermions. The coupling, Eq.
(5.9), for vD = c/300 is plotted (red) as
a function of node position k0 and half-
energy gap E1/2 of spectrum in Fig.
5.1. The bare coupling of neutron to
electrons, i.e., 1
2






Chapter 4 summarized the theory needed to understand, interpret, and predict
features of the cross-sections to be measured in experiments. The scattering process
is distinguished by whether the symmetry relation between the two nodes involved is
time-reversal or inversion. While the density of states is the same for either type of
symmetry, the cross-sections differ, for two reasons. First, the chiralities are different
in the two cases and hence the relativistic susceptibilities have different forms, see Eq.
(4.4) and (4.6). Second, the symmetry constraints on the coupling between neutrons
and Weyl nodes are different for time-reversal and inversion symmetry. Appendix A
shows that,
F0 = 0 , Fj ∈ C3 with j = 1, 2, 3 , (6.1)
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for time-reversal symmetric nodes, whereas,
Fµ ∈ R3 with µ = 0, 1, 2, 3 , (6.2)
for inversion symmetric nodes.
In this chapter, we will interpret the cross-section for two kinds of measurements:
an unpolarized detector (Sec. 6.2 and 6.3) and a polarized detector (Sec. 6.4).
Although there are many parameters describing the coupling of neutrons to Weyl
fermions (see Eq. (6.1) and (6.2)), we will see that there are several theoretically
interesting predictions. Already at the level of an unpolarized detector (Sec. 6.2) it is
possible to observe spin-momentum locking in the cross-section for an experiment with
an unpolarized incident neutron beam. This is remarkable given that the coupling is
a priori arbitrary and unknown, and furthermore, since the neutron spin states are
unresolved. If the incident beam is polarized, it is possible to measure the chirality for
inversion symmetric nodes only if the couplings are known. Even when the couplings
are unknown, it is still possible to determine the chiralities of the Weyl fermions as
will be explained in Sec. 6.4, however a polarized detector is required. The scattering
region has a discontinuous edge (Sec. 6.1), which is a strong signature of scattering
between Weyl nodes that are transformed into Lorentz invariant form. A feature of
this edge (Sec. 6.3) is that the cross-section has a pattern reflecting scattering Weyl
fermions.
85
CHAPTER 6. EXPERIMENTAL PREDICTIONS AND INTERPRETATIONS
The predictions and interpretations of the cross-sections are most likely not ex-
haustive. Some of these may not be the most experimentally useful ways to identify
properties of, or characterize, Weyl nodes. However, we utilize them as proofs of
principles that all of the conceptual obstacles mentioned in Ch. 2 about measuring
Weyl fermions can be circumvented. Furthermore, all the predictions assume that
Weyl fermion scattering is the only channel in the total measured cross-section, or
rather, that background channels have been eliminated in the region of Weyl fermion
scattering. However, in any real experiment, background channels of various kinds
will be present. We begin in Sec. 6.1 discussing the density of states of Weyl exci-
tations to estimate the strength of the cross-section for the Weyl fermion scattering
channel that we are interested in. Background channels will be discussed on general
grounds, as these depend highly on the compound at hand.
6.1 Scattering Channels: Weyl Fermion
vs. Background
The rate of neutron scattering depends on which electron-hole pairs can be pro-
duced in the material, which in turn is determined by the density of states of Weyl
excitations and the matrix element for creating the particle-hole pair. Here, we begin
by describing the density of states, which helps us to understand the intensity of the
cross-section. Section 6.2 returns to the matrix elements of the interaction, which are
86
CHAPTER 6. EXPERIMENTAL PREDICTIONS AND INTERPRETATIONS
responsible for the polarization of neutrons.
The density of states of excitations is defined as an integral over all internal states
that conserve energy and momentum for the M+ transition, i.e., Eq. (3.21). The
constant energy contour for particle-hole pairs, plotted in Fig. 6.1, has a simple
geometric description. The momentum transfer is a point displaced from the origin
by ∆̃. If the initial electron momentum is represented by a point P displaced from
the origin by p̃i, then the final momentum p̃f = p̃i − ∆̃ is the vector from ∆̃ to
P , according to conservation of momentum δ(p̃ − ∆̃) which is the generalization of
conservation of momentum for isotropic nodes (see Sec. 2.1) to anisotropic nodes.
The change in energy is vF(|p̃f |+ |p̃i|), so conservation of energy forces P to lie on a
prolate ellipsoid with foci at 0 and ∆̃. When scattering is exactly from one node to
the other, i.e., |∆̃| = 0, the ellipsoid turns into a sphere. For maximum momentum
transfer, i.e., |∆̃| = ℏω/vF, the ellipsoid degenerates into a line segment connecting
the two foci. Hence, the region of nonzero density of states is defined by |∆̃| ≤ ℏω/vF





[(ℏω/vF)2 − (1/3)|∆̃|2] . (6.3)
Hence, the density of states of internode scattering scales as square of the transferred
1The calculation is the same as that of the susceptibility for time-reversal invariant nodes in
Appx. B except that there is no matrix element.
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p̃z Figure 6.1: Contour of constant energy
transfer ℏω for Weyl excitations produced
in a scattering event: A prolate spheroid
(brown line) in the p̃x, p̃z-plane with sym-
metry axis (black arrow) along ∆̃ and foci
at origin of initial p̃i (red arrow) and fi-
nal p̃f (blue arrow) excitations for a given
|∆̃|. Solid lines are for |∆̃| = 0.25ℏω/vF,
and dashed lines are for |∆̃| = 0.95ℏω/vF.
The scattering cross-section scales like the density of states of excitations, which
can be problematic, since experiments have to be restricted to a small energy window
where bands are dispersing linearly. In particular, the momentum transfer can be
at most of order |k0| since beyond that distance from one Weyl node, the other
node’s Weyl Hamiltonian becomes a better approximation as illustrated in Fig. 1.3.
However, the strength of the cross-section is proportional to the effective coupling (see
Eq. (4.8)), which can be larger than the bare coupling to an electron. Consequently,
the low density of states at small energies can be compensated for by the coupling
being larger than the usual g-factor of an electron. To illustrate this, we employed a
Weyl semimetal toy model in Sec. 5.4. In this model, the g-factors Fµ are enhanced
and even diverge as the spacing 2k0 between the Weyl nodes approaches zero. As the
scattering region is at most of order |k0|, it vanishes in the above limit. Therefore,
to have a finite region of Weyl fermion scattering, the spacing between Weyl nodes
88
CHAPTER 6. EXPERIMENTAL PREDICTIONS AND INTERPRETATIONS
must be kept finite, which we will do in an estimate below.
To give a concrete estimate of the unpolarized cross-section, Eq. (4.7a), we return
to the four-band model. An estimate can be achieved by considering exact internode





















The expression Eq. (6.4a) is generally applicable for any inversion invariant Weyl
semimetal with a coupling F0 = 0 and F ij = F
x
⊥,xδi j like the four-band model. The
estimate2 Eq. (6.4b) is for the four-band model where the coupling is given by Eq.
(5.9). Since the estimate is for exact internode scattering, i.e., |∆̃| = 0, the scattering
region is only a single point in neutron momentum transfer q, ω-space. The cross-
section Eq. (6.4b) therefore does not allow one to resolve properties of Weyl fermions
(to be obtained in the remaining part of this chapter), except for estimating the
coupling. For an estimate for |∆̃| > 0 scattering, the estimate Eq. (6.4) would roughly
decrease similarly to the density of states of excitations Eq. (6.3). In the estimate, Eq.
(6.4b), we made the following substitutions. Since the susceptibility χ′′µν(+) was derived
in the isotropic coordinate system, Eq. (3.5), the factor of vF is not the physical
velocity. The physical Weyl nodes have three eigen-velocities; the two perpendicular
2Here, b denotes a barn with unit of meter squared, eV denotes an electron volt with unit of
joule, sr denotes a steradian which is dimensionless, and Å denotes an Ångstöm with unit of meter.
89
CHAPTER 6. EXPERIMENTAL PREDICTIONS AND INTERPRETATIONS
to the internode direction are equal to vD whereas the parallel one is smaller, and vF
should be the geometric mean of all three, viz., Eq. (5.3). We conservatively took
all three velocities to be identical, i.e., vD = vF. Furthermore, the energy transfer ℏω
has been expressed in terms of the displacement of the momenta of the excitations
from the Weyl point. We have taken it to be k0, which is the largest possible as
explained in the previous paragraph. Since the result scales as ω2, the cross-section
decreases quickly for momenta below this optimistic value. Finally, (F x⊥,x)
2 is taken
as (mevD/k0)
2. Despite the fact that χ′′µν(+) is suppressed by a factor (ℏω)
2/v3F ∝
p2/vF from the density of states, the coupling squared, (F
x
⊥,x)
2, partly cancels this
suppression leaving the product to have an order ≲ vF resulting in Eq. (6.4b). This
implies that a higher node velocity leads to a higher intensity of the cross-section.
For a typical Fermi velocity vF = c/300, Eq. (6.4b) is ≲ 1.7 × 10−4 mb/meV Å3 sr.






≲ 2× 10−2 mb
meV sr f.u.
. (6.5)
Had one taken into account the anisotropic velocities of the four-band model, then
the estimate Eq. (6.5) still holds for Weyl node positions k0 ≈ 10−1 − 10−2 Å−1
corresponding to half energy band gap E1/2 ≈ 100 − 10 meV. As anticipated for a
semimetal, the intensity is low but much higher than the early estimates [66] of the
neutron cross-section for normal one-electron metallic band structures, which were of
order 10−4 − 10−3mb/meV sr. Our estimate for the four-band model is only of order
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10−2 − 1 smaller than what has been observed in scattering of spin-1
2
particle-hole
pairs related phenomena [82, 83, 84, 85, 86]3.
In any real experiment, there will always be other background scattering channels
besides the Weyl node scattering as illustrated in Fig. 6.2. The relative strength of
background channels to Weyl node scattering will vary from compound to compound.
The magnitude of Weyl node scattering is proportional to the squared coupling of
neutrons to Weyl fermions. This coupling will likely depend on the given compound,
as illustrated with the four-band toy model (see Sec. 5.4). However, the extent of
this variation is at present uncertain because of the use of a toy model, only. This
toy model served as a proof of principle that the coupling between neutrons and Weyl
fermions can be larger than the bare coupling of neutrons to electrons. For a real
estimate of a coupling, one needs to know in detail the form of the material’s wave
functions. In this way, the coupling can be calculated for any type-I Weyl semimetal
from Eq. (3.15) for any given band structure.
Likewise, the magnitudes of the background scattering channels will vary from
compound to compound depending on the band structure and elemental/isotope com-
position. For example, at low neutron momentum transfer, a generic magnetic Weyl
semimetal could have channels from: (1) multiple scattering involving phonons, (2)
incoherent or diffusive scattering from the sample’s elements, (3) inelastic magnetic
3We thank Youzhe Chen, Jonathan Gaudet, and Collin Broholm for discussing the state of the
art in measuring electronic excitations via neutron scattering and providing references.
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scattering from local magnetic moments in the sample (c.f. doping by magnetic im-
purities in the toy model of Sec. 5.4), and (4) magnetic scattering from electronic
degrees of freedom such as other bands crossing the chemical potential. On the other
hand, a non-magnetic Weyl semimetal could have all of the above but negligible (3).
The extent to which each of these channels contribute depends to a large extent on
the compound at hand. For example, (4) can be eliminated by choosing an ideal
model material where the Weyl nodes are the only bands near the chemical potential
as illustrated in Fig. 1.3. Hence, experimentalists should take all these considera-
tions into account when choosing a material for experiments, and preferably estimate
the material’s coupling to neutrons, Eq. (3.15), before attempting to measure Weyl
fermion scattering. Another advantage of calculating the coupling prior to the exper-
iment is that the cross-section for the Weyl fermion scattering channel (see Eq. (4.1)





Figure 6.2: Sketch of cross-section includ-
ing background scattering along q̃z in Fig.
2.2 for the M+ process. The intensity
jumps discontinuously at the boundary be-
tween the region describing internode scat-
tering (red area) and that which does not
(white area), while there might be back-
ground scattering (gray curve).
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In order to isolate the Weyl fermion scattering component from background, the
experimentalist’s prior knowledge of the position of the Weyl fermion scattering in
energy and momentum space is immediately useful. Figure 2.2 illustrates the fact
that the Weyl fermion scattering channel is confined to two very specific regions
in momentum space: two ellipsoidal, or spherical, regions centered at ±2k0, which
at maximum momentum transfer should appear with an edge above a background
intensity if the Weyl fermion scattering channel’s intensity is sufficiently large. This
discontinuous edge of the Weyl fermion scattering region (see Fig. 6.2 and 6.3) is a
strong signature of scattering Weyl fermions, because background scattering channels
are expected to be continuous.
In principle, a sharp jump can be separated out from a smooth background by
differentiating, but the edge of Weyl fermion scattering region would have to be signif-
icantly larger than square root of the background intensity due to counting statistics.
This method of differentiation is typically not used in analysis of noisy scattering data
because the error bar grows, which may make this method useless. Instead, one can
use prior knowledge, from ARPES for example, about the dispersion of Weyl nodes,
with which one knows that the region of the Weyl fermion scattering channel (see
Eq. (3.7b)) is confined to ℏω ≥ vF
√
∆Tλ(2),Tλ(2)∆. One can use this knowledge to
fit the cross-section data in order to single out the Weyl fermion scattering channel’s
intensity from background intensity. We know from Sec. 3.1.1.1 and 5.3 that this
process determines the principal axis transformation T from the experiment. As T
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has to have determinant |T | = 1, this sets a constraint on the fitting parameters.
Once T is estimated, one has to check that the ellipsoidal regions transform into
spheres as illustrated in Fig. 5.2 and 5.3. The intensity region that is singled out
by this measured T will contain the Weyl fermion scattering channel with possibly a
background residual, see Fig. 6.2.
To identify the Weyl fermion scattering contribution in this spherical region, one
should look for (isotropic) momentum ∆̃-dependence, because as Sec. 6.2 explains,
angular ∆̃-dependence in this region is a sign of scattering Weyl fermions. While
the residual background intensity may also show ∆̃-dependence, the Weyl fermion
cross-section transforms in very particular ways as will be explained in Sec. 6.3. In
isotropic coordinates, ∆̃, the cross-section with an unpolarized detector consists of
terms that transform as a spherical tensor with angular momentum l = 0 and 2
if the incident neutron beam is unpolarized, and transform as angular momentum
l = 1 if the incident neutron beam is polarized. These ∆̃-dependencies may be
different from that of the background residual. However, if the background scattering
is inversion symmetric, then it consists of terms transforming as spherical harmonics
of even angular momentum like the cross-section for an unpolarized incident neutron
beam. In order to identify whether a background residual is present, one may utilize a
feature of the Weyl fermion scattering channel in a fully unpolarized experiment (see
Sec. 6.3.1). That is, there is a relation between the cross-section at minimum and
maximum momentum transfer for a given energy transfer. One can use this relation to
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predict the Weyl fermion scattering channel for any momentum and energy transfers,
and to use this as a benchmark to check that the background scattering residual has
been removed in the spherical region. However, if it is deemed that a background
residual is present in an experiment with an unpolarized incident neutron beam, one
may have to proceed to an experiment with a polarized incident neutron beam, see
Sec. 6.3.2. Here, the Weyl fermion scattering cross-section consists of a term that
transforms as a spherical tensor of angular momentum l = 1, which is different from
that of an inversion invariant background residual, and these two contributions can
therefore be separable.
In addition, to help single out the Weyl fermion scattering channel, it may be
possible to use applied fields or energy discrimination, etc. However, the particular
techniques that will be needed will vary with compound and also depend on the ex-
perimental facility.
In many materials, a term independent of pseudospin, v
(i)
0 · p, will be present as
explained in Sec. 1.3. Yet, we neglected such a contribution for reasons given in Sec.
3.1.2. To understand what a small v
(i)
0 term will do to the cross-section, it is beneficial
to recap (see Sec. 3.1.2) what the origin is of the discontinuous jump in the density
of states at the surface of the spherical region. It can be understood in two ways.
Physically, it is a sum of two-dimensional van Hove singularities [28] along the line of
the constant energy contour (which is a degenerate line from 0 to ∆̃) illustrated in
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Fig. 6.1. Mathematically, it is due to Lorentz-invariance. Hence, the discontinuous
jump is unique to the case where v
(i)
0 = 0 in Eq. (3.1). Consequently, when the vector
v
(i)
0 is nonvanishing, the dynamics of the excitations are no longer Lorentz invariant.
So, for any type-I Weyl semimetal4 with 0 < |v0|/vF < 1, Lorentz invariance of the
cross-section is broken in a more significant way than in the case with v
(i)
0 = 0, where
it was only broken by the coupling parameters Fµ. As explained in Sec. 1.3, this
term only changes the kinematics, with the effect that the constant energy contour for
particle-hole pairs are not ellipsoids anymore. This has the physical consequence that
the cross-section will not discontinuously jump to zero at the edge of the scattering
region (see Fig. 6.2 and 6.3), but will vanish continuously. If |v0|/vF is very small, this
jump happens in a layer of thickness proportional to |v0|/vF, so when |v0|/vF ≪ 1,
it seems to be a sharp jump.
On the other hand, when |v0|/vF is not small, the density of states will vanish
smoothly. In this case, spin-momentum locking of Weyl fermions (see Sec. 6.2) could
still be observed; it would still cause the cross-section to vary strongly as a function of
momentum transfer. However, the susceptibility would not be as simple as Eq. (4.4)
and (4.6). To precisely understand how sensitive the predictions (to be obtained in
the remaining part of this chapter) are to a non-small |v0|/vF, one has to calculate the
corresponding cross-section. Luckily, it is in fact possible to calculate the cross-section
4In this case, the terms independent of pseudospin, v
(i)
0 ·p, of the two nodes are negatives of one




0 = v0. This term cannot
be removed by a coordinate transformation, contrary to the anisotropic term λ(i) which can still be
transformed to isotropic form as in Sec. 3.1.1.
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for any type-I Weyl semimetal, |v0|/vF < 1, as is outlined in our publication Ref. [28].
In order to proceed forming interpretations and making predictions for this the-
ory, the remaining sections 6.2, 6.3, and 6.4 assume that the term independent of
pseudospin, v
(i)
0 , is negligible. Furthermore, it will be assumed that the Weyl fermion
scattering in the total measured cross-section has been isolated from background scat-
tering. This means that the cross-sections for the Weyl fermion channel are accurately
given by Eq. (4.1) and (4.7) with the suceptibility Eq. (4.4) or (4.6), depending on
the symmetry relating Weyl nodes. Lastly, it is assumed that the principal transfor-
mation, T , has been determined in the experiment.
6.2 Probing Spin-momentum Locking in
a Fully Unpolarized Experiment
While Ch. 4 stated the susceptibility, this chapter will explain5 it intuitively in
terms of familiar concepts of spin matrix elements and spin-momentum locking of
Weyl fermions (see Fig. 1.2). This enables us to understand how a fully unpolarized
measurement can probe the spin-momentum locking of Weyl spinors, which at first
seems like a contradiction. In doing so, we will discover a tool to our advantage: a
5Appendix B explains the susceptibility in terms of Lorentz transformations of spinors for the case
of scattering between time-reversal symmetric nodes. Ref. [28] offers, in addition, an explanation in
terms of the representations of the Lorentz group.
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way to control both the momentum and spin of individual particle-hole pairs among
the whole continuum contributing to the measured response. This allows us to cir-
cumvent one of the major obstacles outlined in Ch. 2.
As mentioned in the introduction of Ch. 6, the cross-section measured in an ex-
periment, Eq. (4.7), depends on the type of symmetry relating the two nodes which
we assume to be on the z-axis, k0,2 = −k0,1 = k0ẑ. To cleanly isolate the effects of
the susceptibility from the coupling, and to guide our intuition, we will explain it here
for the case of the coupling that most closely resembles conventional purely magnetic
scattering, i.e., F0 = 0 and F ij = δi j. The unpolarized cross-section, Eq. (4.7a),
becomes πΣ(+)(q, ω) = χ′′xx(+) (q, ω) + χ
′′y y
(+) (q, ω), which clearly highlights the fact (see
Eq. (3.15)), that neutrons only couple to components of the coupling vectors that
are perpendicular to the internode direction6. This has the desirable consequence
that the cross-section will have angular ∆̃-dependence. By the end of this section,
it will become clear that observing any angular ∆̃-dependence of the cross-section
is a signature of probing spin-momentum locking of Weyl spinors. Recall, that the
cross-section is proportional to the integrand of the density of states, Eq. (3.21),
multiplied by the squared matrix element of the interaction between initial and final
states, |⟨fw, fn|Hint|in, iw⟩|2, which is summed over all initial and final neutron spin
states, |fn⟩ and |in⟩, and internal Weyl fermion degrees of freedom |fw⟩ and |iw⟩.
6This is analogous to any other neutron scattering experiment, where only components of the
interaction perpendicular to neutron momentum transfer enters the cross-section.
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The neutron states do not depend strongly on momentum. On the other hand, the
Weyl states depend strongly on momentum because their components are the solu-
tions to the Weyl equation (called c(p) in Sec. 3.2.1), which inherit the singularity
at the nodes. This is the origin of the momentum dependence of the cross-section,
which together with spin-momentum locking of Weyl fermions (see Fig. 1.2), leads to
the property that neutrons become polarized upon scattering off Weyl nodes. This
means, that neutrons become polarized although the Weyl semimetal may not have
a permanent magnetic order.
First, let us investigate the consequence of energy-momentum conservation (c.f.
Sec. 6.1) in a scattering event. A consequence of momentum conservation is that
the initial |iw⟩ = |ˆ︁p̃i;−χi⟩ and final |fw⟩ = |ˆ︁p̃f ; +χf⟩ Weyl states are related by
p̃f = p̃i− ∆̃, and energy conservation dictates that any pair p̃i and p̃f are restricted
to the ellipsoid constant energy contour in Fig. 6.1. In the limit of exact internode
scattering, i.e., ∆̃ = p̃i− p̃f = 0, the allowed initial and final states are pairs p̃f = p̃i
on a sphere of radius ℏω/2vF, and the polarization of the Weyl spinors are thus related
by,
⟨fw|σ|fw⟩ = ∓⟨iw|σ|iw⟩ for χf = ±χi . (6.6)
In other words, the initial and final spinors are antiparallel for same chirality, whereas
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they are parallel for opposite chirality7. All these different spinors only contribute to
the cross-section at a single point, so there is no signature that distinguishes between
χf = ±χi apart from a constant factor of 2 (which cannot be measured unless one
knows the values of the coupling parameters).
For increasing |∆̃|, the energy conserving contour takes a more extreme prolate
spheroid form, and the cross-section will have angular ∆̃-dependence because the
Weyl state contributions depend on the direction of ∆̃.
In the extreme limit of possible momentum transfer for a given energy transfer,
|∆̃| ≈ ℏω/vF, the energy conserving contour becomes an extremely slim, elongated
prolate spheroid, which degenerates to a line at maximum |∆̃| = ℏω/vF. The initial
and final unit vectors along the momenta are therefore approximately ˆ︁p̃i ≈ ˆ︁∆̃ ≈ −ˆ︁p̃f ,
so states are |iw⟩ ≈ | ˆ︁∆̃;−χi⟩ and |fw⟩ ≈ | ˆ︁∆̃;−χf⟩. This means that spinors are
related as,
⟨fw|σ|fw⟩ = ±⟨iw|σ|iw⟩ for χf = ±χi, (6.7)
which is the reverse of Eq. (6.6). Because of this, the momenta of the particle and
hole are opposite to each other, while the spins Eq. (6.7) are parallel or antiparallel
to one another depending on the type of symmetry.
This means that at maximal momentum transfer, |∆̃| = ℏω/vF, both excitations
7To understand this, remember that the initial state has a negative energy and the final state
has a positive energy.
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in a particle-hole pair must move parallel to the transferred momentum and thus, their
spin states are uniquely determined. Hence, as far as pseudospin degree is concerned,
there is just a single spin state of excitation produced rather than a continuum. This
simple observation will be to our advantage: it can be used to resolve definite spin
and momentum properties of Weyl excitations despite the measured neutron response
receiving contributions from a particle-hole continuum. In other words, at maximal
momentum transfer, the spin-momentum locking of particle-hole pairs is fully observ-
able as will be clear in the next paragraph. This knowledge will be used in Sec. 6.3
and 6.4.
Let us apply the above insight to understand how anisotropic angular depen-
dence of the cross-section occurs despite all neutron spin states being summed in
the experiment. For the coupling in consideration the interaction of electrons and
neutrons is proportional to Hint = σxτx + σyτy, where σ and τ are Pauli spin ma-
trices of the electron and neutron, respectively. It clearly shows that only compo-
nents of the neutron and the Weyl fermion spin Pauli matrices which are transverse
to the internode direction enter the interaction. The cross-section is proportional
to the integral of the matrix element squared, |⟨τf , χf ; ˆ︁p̃f |σxτx + σyτy|ˆ︁p̃i;−χi, τi⟩|2,
over all possible final states of the electron. Even in the case of unpolarized neu-
trons, which averages this over all initial and final neutron spin states, the result
|⟨χf ; ˆ︁p̃f |σx|ˆ︁p̃i;−χi⟩|2 + |⟨χf ; ˆ︁p̃f |σy|ˆ︁p̃i;−χi⟩|2 is still asymmetric. The effect of this
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interaction, in which σx or σy are applied to the Weyl fermion’s pseudospin, is dif-
ferent depending on the initial direction of the momenta of the Weyl fermions: for
some directions it is more likely to flip it, and for others it is more likely not to.
This causes the cross-section to oscillate over the surface of the sphere of constant
momentum transfer. This oscillation has a different form for the time-reversal and
inversion-symmetric cases. For example, at maximum momentum transfer for the
time-reversal symmetric case, the spin directions before and after scattering must be
parallel according to Eq. (6.7), so the cross-section is zero when ∆̃ → ±ℏω/vFẑ (in
which case, both σx and σy flip the spin). Likewise, the cross-section is maximum on
this axis in the inversion-symmetric case because the Weyl fermions must flip spin.
This behavior for both the time-reversal symmetric and inversion-symmetric case is
an explicit example of the observation from the previous paragraph: at maximum mo-
mentum transfer, the spin and momentum of the excitations are fully locked. These
features are illustrated in Fig. 6.3, which plots the variation of the cross-section as a
function of |∆̃| on the ∆̃z-axis for the two types of symmetry. The analog features in
the ∆̃x∆̃y-plane, are also illustrated. Furthermore, from Fig. 6.3 one can also see the
discontinuous jump of the cross-section at the |∆̃| = ℏω/vF surface of the spherical
region containing scattering from Weyl fermions.
In general for any given coupling, due to energy and momentum constraints of
the excitations, the scattering channels are effectively those of a polarized measure-
ment for any |∆̃| > 0 with the degree of polarization being maximal for maximal
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momentum transfer |∆̃| = ℏω/vF. Hence by sweeping ∆̃, i.e., by sweeping external
neutron momentum transfer q, one indirectly performs a polarized experiment de-
spite not using polarized neutrons. This is exactly what Fig. 6.3 illustrates for the
specific coupling considered here, viz., F0 = 0 and F ij = δi j. For the same coupling,
Fig. 6.4(a),(b) and (c) plot the full ∆̃-dependence of the cross-section for the case of
inversion symmetric nodes. Furthermore, for a given energy and momentum transfer
the cross-section intensity oscillates over the surface of the sphere of constant mo-
mentum transfer |∆̃|. This variation depends on the specific coupling, Eq. (3.15),
of the Weyl semimetal, which is illustrated in Fig. 6.4 for three different couplings.
For the reasons explained above, any angular ∆̃-dependence of the cross-section is
a consequence of probing a correlation between spin and momentum of the Weyl







Figure 6.3: Cuts of the unpolarized cross-section for a coupling F0 = 0 and F ij = δi j.
The cross-section is plotted as a function of |∆̃| for scattering between nodes related
by time-reversal (χf = +χi) in red lines, and nodes related by inversion symmetry
(χf = −χi) in blue lines. Full lines are for momentum transfer in the ∆̃x∆̃y-plane,
and dashed lines are for momentum transfer along the ∆̃z-axis.
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To recap, the angular ∆̃-dependence of the cross-section of unpolarized neutrons
results from a combination of two facts: first, the electron polarization is dependent
on the transferred momentum, and second, the coupling F i⊥,j is anisotropic (not only
for the specific coupling discussed above, but in general), so it is possible to see the
variation of the electron-polarization even with unpolarized neutrons. If, hypothet-
ically, it had been the case that F i⊥,j = δi j, then the cross-section would have no
angular ∆̃-dependence, but would be spherically symmetric as a function of |∆̃| for a
given ω. However, F i⊥,j can never be diagonal because in a coordinate system where
k̂0 = ẑ, F
i
⊥,j would have two columns orthogonal to k̂0 because F
i
⊥ · k̂0 = 0 holds
always. This generally implies angular ∆̃-dependence. However, although this con-
dition rules out F i⊥,j = δi j, there is a way that the spin-momentum locking could be











gives a cross-section πΣ(+)(q, ω) = χ′′xx(+) (q, ω) + χ
′′y y
(+) (q, ω) + χ
′′z z
(+) (q, ω), which has
the same effect as if F i⊥,j = δi j. Such a coupling is allowed, though probably not very
likely to occur since it is very specific. Consequently, any angular ∆̃-dependence of
the Weyl fermion scattering cross-section implies probing spin-momentum locking.
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The reverse statement is necessarily true for inversion-symmetric nodes, whereas it
is not necessarily true for time-reversal symmetric nodes. Notice, for both time-
reversal and inversion symmetric nodes, it may happen that the coupling is such that
no angular ∆̃-dependence of the cross-section occurs for a specific energy transfer
ℏω = ℏω0. However, unless the coupling happens to be exactly Eq. (6.8) for time-
reversal symmetric nodes, angular ∆̃-dependence is guaranteed to be observed for
any ℏω ̸= ℏω0 within the allowed energy window.
Notice that the above statements were for the cross-section containing the Weyl
fermion scattering channel only. If background scattering contributions have not been
entirely removed from the spherical region ℏω ≥ |∆̃|, it may be that background scat-
tering contributions also show ∆̃-dependence. As discussed in the previous chapter,
6.1, one should therefore identify and remove any residual background contributions
in this spherical region, before one can conclude that observed angular ∆̃-dependence
of the total cross-section is evidence of probing spin-momentum locking. To check
that the angular ∆̃-dependence of the cross-section is indeed due to Weyl fermion
scattering, one should check that the angular ∆̃-dependence has the characteristics
of the Weyl fermion cross-section as will be explained in next section, 6.3.
As a fully unpolarized experiment is the easiest inelastic neutron scattering ex-
periment, the above simple fact may serve as a useful way of observing Weyl nodes.
Its utility is due to the fact that observing angular ∆̃-dependence does not require a
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full resolution of the nodes’ dispersions. That is so, because the probing mechanism
is measuring correlations of Weyl fermions’ pseudospinors, which are guaranteed to
exist if Weyl nodes are present and near the chemical potential. The strong angular
∆̃-dependence of the cross-section reflects that the spherical harmonics, Eq. (4.4)
and (4.6), change rapidly as a function of ∆̃. For any energy transfer ℏω, the cross-
section varies strongly on the surface of the sphere |∆̃| = ℏω/vF. This is a large
variation for a small change in momentum. That is because the Weyl particle and
hole have their momentum locked to spin, or equivalently, reflecting the singularity of
the wavefunctions |p̃; ηχ⟩ at p̃ = 0. This differs from scattering between two pockets
of a narrow gap semiconductor (see illustration Fig. 1.3), where there would be no
angular ∆̃-dependence because the wavefunctions are continuous.
As was briefly mentioned in Sec .1.3.1, one of the simplest ways (at least theoret-
ically) to construct a Weyl semimental is to begin with a narrow gap semiconductor
(described as the massive Dirac Eq. (1.1)). Breaking time-reversal or inversion sym-
metry will generate a Weyl semimetal of either kind. However, if the perturbation
is insufficient, the massive Dirac fermions will not split into massless Weyl fermions,
and a narrow gap remains, meaning that the material is still an ordinary semicon-
ductor. An inherent surface probe such as ARPES will have difficulty distinguishing
such a state from a Weyl semimental by a bulk dispersion measurement because of
finite resolution effects, and the fact that only holes are probed. On the other hand,
an inelastic neutron scattering experiment is not prone to such a misidentification
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because the observation of angular ∆̃-dependence reflects the Weyl semimental bulk
topology.
6.3 Experiment with Unpolarized Detec-
tor: Inversion Symmetric Nodes
The cross-section for scattering on any given Weyl semimetal depends on the ma-
terial’s couplings. As illustrated in Fig. 6.4, the unpolarized cross-section intensity
pattern changes significantly for just a small change in the couplings. In general, the
coupling for inversion-symmetric nodes, Eq. (6.2), can have 8 independent parame-
ters, which are a priori unknown. This suggests that there might not be any particular
patterns hidden in the cross-section measured for an arbitrary Weyl semimetal. Fur-
thermore, it might not be possible to observe the chiralities of the two Weyl nodes
involved in the scattering. Another issue is that while the cross-section has angular
∆̃-dependence as illustrated in Figs. 6.3 and 6.4, these variations are smooth. This
reflects the fact that the susceptibilities Eq. (4.4) and (4.6) are polynomials of the
transferred momentum to maximum second degree. This means that the cross-section
has no strong features, like a peak in its intensity. For this reason, we need to identify
features of the cross-section that reflect Weyl fermion scattering besides the strong
signature of a discontinuous cross-section edge.
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Figure 6.4: Comparison of unpolarized cross-sections for different couplings. The
cross-section Σ(+)(−∆̃, ω) for scattering between inversion symmetric nodes is plotted
in isotropic coordinates ∆̃ for a given energy transfer ℏω. Columns are cuts of |∆̃|
with the left, middle, and right columns at |∆̃|vF/ℏω = 0.2, 0.5, and 0.95, respectively.
All rows are the same case of coupling eigendirections, Eq. (4.8a), â1 = x̂ and â2 = ŷ
but different eigenvalues α1 and α2 and constant |F0⊥|. The upper row [(a),(b),(c)]
is for |F0⊥| = 0 and α1 = α2 = 1, The middle row [(d),(e),(f)] is for |F0⊥| = 0 and
α1 = 2α2 = 1. The lower row [(g),(h),(i)] is for |F0⊥| = 1/2 and α1 = 2α2 = 1.
Intensity is given by the temperature scale in subfigure (j).
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In this section, we will only consider scattering on inversion symmetric nodes8. It
will be shown that the ∆̃-dependence of the Weyl fermion cross-section transforms
in very particular ways, despite the many unknown coupling parameters: the cross-
section with an unpolarized detector consists of terms that transform as a spherical
tensor with angular momentum l = 0 and 2 if the incident neutron beam is unpolar-
ized, and will transform as angular momentum l = 1 if the incident neutron beam is
polarized. In addition, in an experiment with unpolarized incident neutrons and an
unpolarized detector, the discontinuous cross-section edge has a pattern which reflects
scattering on Weyl fermions. For the case where the incident neutrons are polarized,
it will be shown that the chirality can only be extracted from the cross-section if the
coupling is known. Section 6.4 explains how one can measure the chirality when the
coupling is unknown.
6.3.1 Unpolarized Incident Neutrons
For inversion symmetric nodes, the inelastic cross-section, Eq. (4.7), is determined
by the susceptibility, Eq. (4.6), and the coupling, Eq. (6.2), which is restricted to be
real. For unpolarized incident neutrons the cross-section, Eq. (4.7a), is,
πΣ(+)(q, ω) = α0
3a
2





αm [(ℏω/vF)2 + |∆̃|2 − 2|∆̃ · âm|2] ,
(6.9)
8Ref. [28] considers, in addition, the cross-section for time-reversal symmetric nodes.
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where â1, â2 are the two orthogonal, real eigendirections from the spectral decompo-
sition, Eq. (4.8a), of the effective coupling, and α1, α2 are the corresponding eigen-
values. The term α0 = F
0
⊥ · F0⊥ is generically nonzero and allows a scalar χ′′0 0(+)
contribution to the cross-section with no angular ∆̃-dependence. As χ′′i 0(+) = 0 and
Fi⊥ · Fj⊥ is symmetric in spin-indices, only the symmetric part of χ′′i j(+) (i, j = 1, 2, 3)
contributes. The cross-section therefore consists of terms that transform as spherical
tensors with angular momentum l = 0 and 2. Because the chirality of the node,
where a hole is created, can only enter the cross-section through the antisymmetric
part of the susceptibility χ′′i j(+), it is therefore not possible to measure the chirality of
the nodes with unpolarized incident neutrons.
The coupling is unknown without a specific Weyl semimetal band structure, so
plotting the cross-section, Eq. (6.9), for many different couplings does not inform us
much. However, it is still useful to plot the cross-section for a few possible couplings
to illustrate the usefulness of expressing it in isotropic coordinates and using the spec-
tral decomposition of the effective coupling. The cross-section, Eq. (6.9), is plotted
in Fig. 6.4 as a function of ∆̃ for the case where effective coupling eigendirections of
Eq. (4.8a) are â1 = x̂ and â2 = ŷ for various eigenvalues values α1, α2 and constant
α0. The four-band toy model (see Ch. 5.4) corresponds to an effective coupling with
â1 = x̂, â2 = ŷ, α1 = α2 = (F
x
⊥,x)
2 and α0 = 0, the cross-section of which therefore
has the same angular dependence as the top row of Fig. 6.4, but the intensity is a
factor 2(F x⊥,x)
2 amplified by the value in Fig. 5.4.
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From the plots of the cross-section in Fig. 6.4 for a few specific F’s it seems as
if there is no pattern that is common for them all. Furthermore, the cross-section
intensity distribution for any other coupling (than those in the plots) would be dis-
torted in a different way. But this is not entirely true – the cross-section, Eq. (6.9),
has a particular pattern9 on the edge of the scattering region (see Fig. 6.2). To see
this, we utilize the fact that the internode direction, â3 = k̂0, in pseudospin space
is not coupled to the neutron spin. The unit vector â3 completes a basis with the
eigendirections, â1, â2, of the effective coupling. Hence, we can expand the momen-
tum squared in terms of this basis, |∆̃|2 = ∑︁3m=1(∆̃ · âm)2, to express Eq. (6.9) as,








with constants ᾱ = 3α0/2+α1 +α2 and ᾱcm = α1 +α2− 2αm− 3α0/2. Here, α3 = 0
while α0, α1, α2 ≥ 0 are determined by the material’s coupling. In the coordinate
system of the experiment, this could be an arbitrary quadratic function of ∆̃, but with
respect to the â1, â2, â3-basis, the ∆̃-dependence of this quadratic function is diagonal.
At maximum momentum transfer for given energy transfer, the cross-section, Eq.
(6.10), is a quadratic form on the surface of a sphere of radius |∆̃| = ℏω/vF, which has
extrema at diametrically opposite pairs of points corresponding to the eigendirections
9On a side note, it has not been checked whether the cross-sections, neither unpolarized nor
polarized incident or scattered neutrons for time-reversal symmetric nodes, have a similar structure.
The method used to derive Eq. (6.10) is still valid for complex basis vectors.
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of the effective coupling and the internode direction. Hence, for momentum along





2aα2(ℏω/vF)2 at ˆ︁∆̃ = ±â1 (6.11a)
2aα1(ℏω/vF)2 at ˆ︁∆̃ = ±â2 (6.11b)
2a(α1 + α2)(ℏω/vF)2 at ˆ︁∆̃ = ±â3 = ±k̂0 (6.11c)
The last is the largest since α1, α2 ≥ 0. Figure 6.5 illustrates the signature, Eq. (6.11),
of the Weyl fermion scattering cross-section edge illustrated in Fig. 6.2. Although the
cross-sections in Fig. 6.4 are not plotted exactly at maximum momentum transfer,
one can still see the development of the predicted pattern Eq. (6.11) in Figs. 6.4(i),




Figure 6.5: Signature of the cross-section
edge. Extrema at diametrically opposite
pairs of points on the surface of maximum
momentum transfer |∆̃| = ℏω/vF for a
given energy transfer. Cross-section max-
ima at ˆ︁∆̃ = ±â3 = ±k̂0. Saddel-points
and minima at ˆ︁∆̃ = ±â2 and ˆ︁∆̃ = ±â1, or
vice versa.
The signature, Eq. (6.11), of the Weyl fermion scattering edge is not universal in
the sense of being independent of the material’s coupling, nor is it unique to scat-
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tering Weyl fermions. First, both the locations and magnitudes of the cross-section’s
minima and saddle-points depend on the coupling. Second, for a system that is in-
variant under inversion, the background scattering could also be inversion symmetric.
If so, the background scattering should consist of spherical tensors transforming as
even angular momentum like the fully unpolarized cross-section for scattering Weyl
fermions. Therefore, the background scattering could also exhibit extrema at diamet-
rically opposite points on a |∆|-surface for some momentum [87]. However, it is not
a priori guaranteed that these extrema should occur only at maximum momentum
transfer for a given energy, nor that the maxima should be along the internode direc-
tion. The discontinuous Weyl fermion scattering cross-section edge is quantitatively
universal in the sense that for any coupling, the edge of the associated cross-section
at maximum momentum transfer for given energy transfer will always have extrema
given by Eq. (6.11) with maxima along the internode direction â3 = k̂0.
Another property that may help to identify whether a background scattering resid-
ual with the above property is present, is that the Weyl fermion scattering cross-
section, Eq. (6.10), at minimum momentum transfer for a given energy transfer takes
the value,
πΣ(+)(2k0, ω) = a(3α0/2 + α1 + α2)(ℏω/vF)2 at |∆̃| = 0 , (6.12)
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which is larger or equal to half the maxima, Eq. (6.11c), for maximum momentum
transfer depending on α0 being present or not. By measuring the cross-section at
minimum momentum transfer, Eq. (6.12), and maximum momentum transfer, Eq.
(6.11), for a given energy transfer, one can measure the basis â1, â2, and â3 = k̂0,
and parameters α0, α1, and α2. Knowing these means that one knows the effective
couplings10, Eq. (4.8a) and Eq. (4.8b). This information allows one to reconstruct
not only the fully unpolarized cross-section (see Eq. (6.10)) but also the partially
polarized cross-section (see Sec. 6.3.2) and the fully the polarized cross-section (see
Sec. 6.4) of the Weyl fermion scattering for any neutron momentum transfer, q,
and energy transfer, ℏω. If the measured fully unpolarized cross-section matches the
predicted unpolarized cross-section of the Weyl fermion scattering, it is likely that the
background scattering residual has been removed. On the other hand, if the predicted
Weyl fermion scattering cross-section does not match the measured cross-section, then
the background scattering residual has not been removed. In this case, in order to
remove the background residual, one may have to proceed to perform an experiment
with an unpolarized detector but incident polarized neutron beam, discussed in the
next subchapter.

















certain pair of orthonormal vectors â′1, â
′
2, according to the theory of singular value decompositions.




αm(âm · σ)(â′m · τ ).
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6.3.2 Polarized Incident Neutrons
For polarized incident neutrons, the cross-section, Eq. (4.7b), is,
πP ·Σ(+)(q, ω) = −χa (ℏω/vF)P · (Fi⊥ × Fj⊥)ϵijk∆̃k. (6.13)
Despite the possibility that F0⊥ ̸= 0, there is no χ′′0 0(+) contribution because ˆ︁k0 · F0⊥ ×
F0⊥ = 0. As χ
′′i 0
(+) = 0 and F
i
⊥ × Fj⊥ is antisymmetric in spin-indices, only the anti-
symmetric part of χ′′i j(+) contributes
11, which is a term that transforms as a spherical
tensor with angular momentum l = 1. This ∆̃-dependence is different from that of an
inversion invariant background residual as explained in the previous section, and may
therefore be used to separate the Weyl fermion and background scattering channels.
The cross-section, Eq. (6.13), depends on the chirality where a hole is created.
If and only if the coupling is known, it is possible to measure the chirality from Eq.
(6.13), i.e., in an experiment with polarized incident neutrons and an unpolarized
detector. On the other hand, if the coupling is unknown, then it is not possible to
measure the chirality even with polarized neutrons when the detector is unpolarized.
The next section explains that the polarization-independent and dependent cross-
sections Σ(+),Σ(+) are not enough to determine χ in this case, because there is always
at least one choice of Fµ that matches the data for each of χ = ±1.
11From the antisymmetric part of χ′′i j(+) one sees that this measures “chiral” fluctuations ⟨σ(q, ω)×
σ(−q,−ω)⟩ · ∆̃ originating in the axial-vector of the interaction.
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6.4 Experiment with Polarized Detector
and Polarized Incident Neutrons
Let us consider a polarized neutron incident on the Weyl semimetal and a detector
filtering the polarization of the scattered neutron. The scattering event was hitherto
described as the neutron acting on the Weyl semimetal by its neutron magnetic field
(induced by its magnetic moment), creating a particle-hole pair which makes tran-
sitions within a continuum of states. Despite being in control (in principle) of both
incident and scattered/final neutron spins, what one actually measures is the mo-
mentum of the excitations through the neutron’s transferred momentum. From this,
we ultimately want to infer the chirality of the excitations. This is a daunting task,
because the response receives contributions from the whole particle-hole continuum,
and furthermore, the coupling between a neutron and a Weyl fermion is a priori un-
known. We learned in Sec. 6.2 how to circumvent the problem of the particle-hole
continuum, but we still have to deal with the latter issue. To this end, it is beneficial
to change the interpretation of the scattering event to one where the neutron mag-
netic moment reacts to a ”magnetic” field induced by transitions of Weyl excitations.
In this way, we can understand the effects of Weyl fermions acting on the neutron
spin that we control.
The outcome is that a scattered neutron beam is fully polarized in a direction
determined by the coupling parameters if an incident beam was fully polarized (see
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Sec. 6.4.1). This allows one to cleanly determine the couplings. It is also possible to
measure the chirality for inversion-symmetric Weyl nodes (see Sec. 6.4.2).
6.4.1 Pure States of Scattered Neutrons
In a fully polarized experiment, a polarized beam of neutrons with polarization
vector Pi is incident on a Weyl semimetal, and the detector measures the polarization
vector Pf of the scattered beam. The Blume-Maleyev polarization matrix describes
the relationship between them. Instead of calculating this, we simplify the discussion
and consider, for the moment, a single incident neutron in spin state |τi⟩ and measure
whether the scattered neutron is in the state |τf⟩ or in the orthogonal one.
Consider the case where the momentum transfer is the maximum possible for a
given energy transfer, i.e., |∆̃| = ℏω/vF. For a given pure initial spin state of the
neutron and a fixed momentum transfer, the cross-section, Eq. (4.1), can be shown





∝ (ℏω/vF)2 |⟨τf |ϕ⟩|2, where the auxiliary state
|ϕ⟩ depends on the initial neutron state |τi⟩, direction ∆̃, and coupling Fµ⊥. In other
words, the scattered neutron is in a pure state |ϕ⟩. This can be demonstrated experi-
mentally by measuring that there is a certain final state into which the scattering rate
is zero. This final neutron state is the time-reversed ket12 of |ϕ⟩, i.e., |τTRf ⟩ = T |ϕ⟩,
since ⟨τTRf |ϕ⟩ = 0. Because the neutron spin space is 2-dimensional, the only scat-
tering channel available is the final state |ϕ⟩ = c1|↑⟩ + c1|↓⟩, where c1 and c2 are
12Time-reversal operator T on a single-particle state is T = θK, whereK is a conjugation operation
and θ = σy, as explained in Sec. 3.1.1.
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expansion coefficients of neutron spin states along the z-direction. Hence, the total







∝ (ℏω/vF)2|ϕ|2 . (6.14)
The fact that there is only one transition available for a given momentum transfer is
direct evidence of spin-momentum locking.
The reason for the perfect polarization, in more detail, is that in the extreme limit
|∆̃| ≈ ℏω/vF, the set of possible internal momenta degenerates from an ellipsoid to a
line. According to Eq. (6.7), all the possible momenta are parallel, and therefore the
electron and hole spin states are locked oppositely throughout the whole particle-hole
continuum. The scattering amplitude ⟨fn, fw|HB|iw, in⟩ ∝ ⟨τf , fw|τ ·M⊥(q)|iw, τi⟩ is
the same for all pairs, so the integral over the state of the electrons and holes simply
gives a multiplicative factor, and the cross-section is proportional to,
dσ
dΩ
∝ |⟨τf , χf ;− ˆ︁∆̃|τ ·M⊥| ˆ︁∆̃;−χi, τi⟩|2 , (6.15)
where the magnetization M⊥ is given by Eq. (3.14) and τ is, as above, the neutron
spin operator. The dynamics of the neutron spin may be understood as a precession
of the neutron in a magnetic field that depends on how the electron transitions. To
see this, we factor this expression as |⟨τf |τ |τi⟩ · ⟨χf ;− ˆ︁∆̃|M⊥| ˆ︁∆̃;−χi⟩|2, then define
the c-number Mfi = ⟨χf ;− ˆ︁∆̃|M⊥| ˆ︁∆̃;−χi⟩. The transition probability can now be
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written as dσ
dΩ
∝ |⟨τf |τ ·Mfi|τi⟩|2. Thus, we may define |ϕ⟩ = Mfi · τ |τi⟩, and the
cross-section is given by |⟨τf |ϕ⟩|2 as claimed above. Intuitively, when the electron’s
spin flips in a particular way, the scattered neutron ends up in a pure state if the
incident neutron was initially in a pure state. The final state, |ϕ⟩, is obtained by
applying the operator Mfi · τ to the initial state |τi⟩. This mechanism is due to
the constant energy contour degenerating into a line, and therefore all particle-hole
states in the continuum are perfectly spin-momentum locked. If there were significant
curvature, the electron spinors would not all be aligned and the final neutron beam
would not be fully polarized. Hence, this mechanism is sensitive to the presence of
the term independent of pseudospin in the Weyl equation.
In a realistic neutron scattering experiment, the incident beam consists of many
neutrons, rather than just a single neutron as in the above considerations. However, if
the incident beam has a polarization vector, Pi, all the neutrons scattered to a certain
momentum have the same available scattering channel |ϕ⟩ = Mfi ·τ |τi⟩, if the initial
neutron beam was fully polarized. As above, this state has expansion coefficients,
c1 = ⟨↑|ϕ⟩/|ϕ| , c2 = ⟨↓|ϕ⟩/|ϕ| . (6.16)
The neutrons scattered into this direction are fully polarized and specified by Pf ·
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τ |τf⟩ = |τf⟩, where the polarization vector has the components,
P fx = 2ℜ [c∗1c2] , P fy = 2ℑ [c∗1c2] , P fz = |c1|2 − |c2|2 . (6.17)
The polarization vector, Eq. (6.17), is to be understood as a field Pf (∆̃/|∆̃|) on the
surface of the sphere of transferred maximum momentum. An example of a possible
measured polarization vector for time-reversal symmetric nodes is plotted in Fig. 6.6.
The matrix element of the magnetization can be evaluated explicitly for time-
reversal and inversion symmetric nodes, Mfi = ˆ︁∆̃iFi⊥ and Mfi = (ûj + iχv̂j)Fj⊥,
respectively, where χ is the chirality of the node where a hole is created. Here, û and
v̂ is an arbitrary pair of vectors making a right-handed coordinate system13 together
with ˆ︁∆̃ = û × v̂. The total cross-section, Eq. (6.14), is proportional to |ϕ|2, which
is,
|ϕ|2 = ˆ︁∆̃i ˆ︁∆̃j(Fi,∗⊥ · Fj⊥ +Pi · ˆ︁k0iˆ︁k0 · Fi,∗⊥ × Fj⊥) , (6.18a)
|ϕ|2 = (δij − ˆ︁∆̃i ˆ︁∆̃j)Fi⊥ · Fj⊥ − χPi · ˆ︁k0 ˆ︁∆̃kϵk i jˆ︁k0 · Fi⊥ × Fj⊥ , (6.18b)
for time-reversal and inversion symmetric nodes, respectively14. Notice, that the ex-
13The expression for time-reversal symmetric nodes follows from ⟨n̂|σ|n̂⟩ = n̂, where |n̂⟩ is the spin-
1
2 state aligned with n̂. The expression for inversion symmetric nodes follows from ⟨−n̂|σ|n̂⟩ = û+iv̂,
where the arbitrary vectors û and v̂ are orthogonal vectors and orthogonal to the vector n̂ = û× v̂.
Together, the three vectors satisfy σ0 = û
Tû+ v̂Tv̂+ n̂Tn̂. Notice, that (û+ iχv̂)/
√
2 is a left- or
right-circular polarization vector for χ = −1 and +1, respectively.
14The results, Eq. (6.18), can be derived in a more direct way, where one interprets the neutron
spin and coupling acting together as a generalized force on the Weyl fermions to make transitions.
Then, the above result is obtained after evaluating the susceptibility χ′′µ ν(+) at maximum momentum
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pression Eq. (6.18b) is in agreement15 with the cross-sections Eq. (6.9) and (6.13) in
the case where |∆̃| = ℏω/vF. Notice that |ϕ⟩ is not of unit norm.
To summarize, the cross-section in a fully polarized experiment is dependent on
the initial neutron beam polarization vector, the scattering direction, and the a priori
unknown coupling. Measuring the polarization vector of the final neutron beam at
|∆̃| = ℏω/vF, one finds that |Pf | = 1 for all scattering directions and any incident
fully polarized neutron beam. This is quite remarkable and counter-intuitive as one
is probing particle-hole Weyl pairs.
For time-reversal symmetric nodes, it is not possible to measure the chirality of
nodes, since the chirality does not appear in Eq. (6.18a). For inversion-symmetric
nodes, it is possible to measure the chirality from the cross-section, Eq. (6.18b), if and
only if the coupling Fi is known. The next section shows that it is possible to measure
the chirality by other means than Eq. (6.18b), when the coupling is unknown.
 ̃z
 ̃x
Figure 6.6: Plot of polarization vector, Eq. (6.17), on
the surface of a sphere with radius |∆̃| = ℏω/vF. Initial
polarization vector, |Pi| = 1, was chosen arbitrarily,
and the couplings are F0 = 0 and F ij = δi j.
transfer. For time-reversal symmetric nodes, it evaluates to χ′′i j(+) ∝ (ℏω/vF)2
ˆ︁∆̃i ˆ︁∆̃j , whereas for
inversion symmetric nodes it evaluates to χ′′i j(+) ∝ (ℏω/vF)2(û+ iχv̂)i(û+ iχv̂)j .
15The expression Eq. (6.18a) is also in agreement with the corresponding cross-sections Σ(+) and
Σ(+) for nodes related by time-reversal symmetry (see Ref. [28]).
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6.4.2 Measuring Chiralities of Weyl Fermions
It is possible to measure the chirality of Weyl nodes in an inversion symmet-
ric Weyl semimetal, although it is not straightforward because of the unknown Fµ
(µ = 0, 1, 2, 3) parameters. It can be easily understood that this is a problem by
noticing that chirality χ (where the hole is created) appears in Eq. (6.18b) as
−χPi ·k̂0 ˆ︁∆̃kϵk i jk̂0 ·Fi⊥×Fj⊥. Imagine that we perform measurements on two materials
with neutrons polarized in the same way as they are passed through the materials,
which both have nodes±k0 parallel to the z-axis, i.e., ẑ·Fi = 0 for all i = 1, 2, 3. If one









for each i, then it will appear from Eq. (6.18b) as if the materials have the opposite
sign of χ, because the sign of F iyŷ differs. In other words, it is possible to compensate
for a change in sign of χ by changing the Fis. To be specific, the cross-section asso-
ciated with Eq. (6.18b) for scattering on three materials is plotted in Fig. 6.7. Weyl
semimetals no. 1 and no. 2 have the same chirality χ = −1, but couplings FiWSM1 and
FiWSM2, respectively
16. The cross-section’s intensity pattern of material no. 2 is that
of material no. 1 if reflected through the ∆̃x∆̃y-plane. From this, one would wrongly
conclude that these materials have the opposite chirality. Likewise, a third material
has coupling FiWSM2 but opposite chirality χ = 1. But again, for the same reason
as above, one would wrongly conclude that it has the same chirality as material no. 1.
16Notice, that the couplings F xx and F
y
y of the four-band toy model, Eq. (5.9), were only deter-
mined up to a sign, because we expressed them in terms of parameters of the dispersion.
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Figure 6.7: Cross-section for a fully polarized measurement on three different Weyl
semimetals. Material no. 1, subfig. (a), with coupling FiWSM1 and chirality χ = −1.
Material no. 2, subfig. (b), with FiWSM2 and χ = −1. Material no. 3, subfig. (c),
with FiWSM2 and χ = +1. The intensity pattern of material no. 2 is that of material
no. 1 and 3 when reflected through the ∆̃x∆̃y-plane. Intensity given in subfig. (d).
To get around the aforementioned issue, we will focus on maximum momentum
transfer, i.e., |∆̃| = ℏω/vF, as discussed in the last section. From Eq. (6.7) the
excitations, i.e., |iw⟩ = | ˆ︁∆̃;−χi⟩ and |fw⟩ = |− ˆ︁∆̃;χf⟩, are propagating in opposite
directions, but we can reinterpret the excitations as moving in the same direction,
ˆ︁∆̃, but with opposite spins −χi and −χf since χi = −χf . Because the spin and
momentum-direction of the excitations in the continuum are fully locked, we may ig-
nore their momentum, and furthermore, simply consider the transition as an electron
fixed in space with a neutron scattering off of it. The expression for the cross-section,
Eq. (6.15), is then reinterpreted as the cross-section for scattering in which the elec-
tron’s spin changes from −χi∆̃ to −χf∆̃, which is always a spin-flip since χi = −χf .
The interaction operator can be written as,
HB/µB = M⊥ · τ = (σ · a)τx + (σ · b)τy = |a|σaτx + |b|σbτy . (6.19)
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Here the coupling, Eq. (3.15), is arranged as vectors a and b with components
ai = F
i
⊥ · x̂ and bi = Fi⊥ · ŷ, respectively, and the electron spin Pauli matrices are
defined as σa = σ · â and likewise for σb. No z-component appears because Fi · k̂0 = 0.
The F0⊥ term of M⊥ is omitted because it does not contribute to the matrix element
for an event in which the electron’s spin flips.
The interaction, Eq. (6.19), is unknown because the coupling vectors a and b are
unknown; they can point in arbitrary directions with any magnitudes. Not only do
a and b mix components of spin matrices for the neutron, τ = (τx, τy, τz), and the
electron, σ = (σa, σb, σc), but also with respect to two different coordinate systems.
The neutron spin matrices are defined with respect to a right-handed coordinate
system with x, y, z-axes. The electron spin matrices, on the other hand, are defined
with respect to three axes, a, b and c, which are determined by the coupling, Eq.
(3.15), of the Weyl semimetal to neutrons. Furthermore, these a, b, c-axes are not
required to be orthogonal to one another, nor align with the coordinate system of the
neutron. In addition, the component of neutron spin, τz, along internode direction
does not couple to anything, which is reflected in Eq. (6.19). Notice, that the
interaction is not symmetric in σc → −σc despite σc not appearing in it. The reason
is that spin is a pseudovector and the c-direction is determined by σc = −iσaσb.
Hence, in order to flip the c-axis, either the a-axis or b-axis should be flipped, but not
both. From this, we see that the two couplings FiWSM1 and F
i
WSM2, discussed in the
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first paragraph, correspond to a relative sign between the two terms in the interaction
Eq. (6.19).
To determine the chirality, we will do experiments where a neutron in spin state
|τi⟩ is incident on the target, and the detector filters the scattered neutron in a spin
state |τf⟩. What this measures is not the electron spin. Actually, what this measures
is how the momentum ∆̃ of the electron changes (by the neutron’s momentum trans-
fer), which is locked to the spin of the electron up to a sign (the chirality) that we
wish to determine. From the interaction, Eq. (6.19), one would expect a correlation
between the electron spin and how the neutron spin has changed. So, we will begin
figuring out what one would expect from the interaction between a neutron scattering
from an electron spin. We will use this knowledge to understand the actual observed
behavior in a real experiment which measures the electron momentum: if the way
the electron’s momentum changes is reversed from the behavior one expects from the
spin, it must be because χi = −χf = 1, meaning that the spin is antiparallel to the
momentum.
The strategy to measure the chirality is to relate the xyz-coordinate system of
the neutron to the abc-coordinate system of the electron. For simplicity, let us only
consider the intuitive case where the coupling vectors a and b are orthogonal to one
another with equal magnitudes, i.e., |a| = |b|. First, we will relate the z- and c-axes,
then we relate the xy-plane to the ab-plane, and finally we infer the chirality from
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the cross-section measured.
In this case of a and b vectors, the interaction, Eq. (6.19), can be expressed as
HB/µB = |a|(σ−τ+ + σ+τ−), where σ± = (σa ± iσb)/
√
2 and τ± = (τx ± iτy)/
√
2
are raising and lowering operators of the electron and the neutron spin, respectively.
Hence, the sum of each spin component along the axis perpendicular to the plane
spanned by the coupling vectors, σc+ τz, is conserved. If the neutron flips from up to
down, it is not possible for the electron spin to also flip from up to down, since then
the net spin would change by 2ℏ. After all, it is surprising that there is a correlation
between flips of the neutron’s spin along the z-axis and flips of the electron’s spin along
the c-axis, since these components of spin operators do not appear in the interaction.
The spin conservation along the z- and c-axes reveals how these axes are related,
which we will use after the relation between the neutron xy-plane and the electron
ab-plane has been established. Unfortunately, there is no spin conservation in the x-
and a-axes (and likewise y- and b-axes), as can be seen from,
σaτx + σbτy|→a,→x⟩ = |→a,→x⟩ − |←a,←x⟩ ,
σaτx + σbτy|←a,→x⟩ = |←a,→x⟩+ |→a,←x⟩ ,
where |→x⟩ denotes a neutron spin state prepared parallel to the x-axis, and likewise
for the electron.
Hence, we need to find another method to relate the neutron xy-plane and elec-
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tron ab-plane. This can be done by just focusing on the rate of spin-flip scattering of
the neutron, which is automatically accompanied by a spin flip of the electron. So,
consider an experiment where the neutron is prepared with a certain incident polar-
ization direction N̂ and one measures the cross-section, fN̂(
ˆ︁∆̃), that it flips to −N̂ as
a function of the direction of momentum transfer ∆̃. In the end of this subchapter,
we will return to this measurement. We begin calculating the probability, fN̂(Ê), as
a function of the direction of the initial spins of the neutron and electron, N̂ and Ê,
respectively, rather than momentum ˆ︁∆̃. Recall, that the initial spin of the electron
is related to momentum by Ê = −χi ˆ︁∆̃. We can use fN̂(Ê) instead of fN̂(
ˆ︁∆̃) to
determine the electron a- and b-axes because these axes can only be determined up
to an overall sign, meaning that factor −χi cannot be resolved from knowing the a-
and b-axes. The probability of the electron flipping from Ê to −Ê and the neutron
flipping from N̂ to −N̂ comes out to be17,




2 + (Nz − Ec)2
]︁
, (6.20b)
where Ea, Eb, Ec are the components of Ê along the directions of â, b̂, and a third
direction, ĉ, forming a right-handed coordinate system ĉ = â× b̂. A striking effect is
17To show, this one uses ⟨−n̂|σ|n̂⟩ = û+ iv̂, where |n̂⟩ is a spinor oriented along the n̂ direction of
the Bloch sphere, and the two arbitrary unit vectors û and v̂ are making a right-handed coordinate
system together with n̂ = û× v̂. Together, these three unit vectors satisfy a completeness identity
ûTû + v̂Tv̂ + n̂Tn̂ = σ0. We have such relations for both the neutron (ûn, v̂n, N̂) and electron
(ûe, v̂e, Ê).
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that for any direction of the initial neutron spin, N̂, there are two initial spin directions
of the electron, Ê, for which spin-flips of the neutrons have zero probability. In other
words, the probability, Eq. (6.20b), considered as a function of electron spin, Ê, will
have nodes where the cross-section is zero, i.e., fN̂(Ê) = 0. Notice that these zero
nodes will be perfect and located at,
Ea = ±Ny , Eb = ∓Nx , Ec = Nz (6.21)
in the electron spin space.
To find the relation between the neutron x, y-axes and the electron a, b-axes, we
perform a series of measurements with initial neutron polarization in the xy-plane,
i.e., Nz = 0. According to Eq. (6.21), for a given neutron polarization, this will create
two cross-section zero nodes in the electron ab-plane as a function of Ê. These cross-
section zero nodes will always be equal and opposite to each other on the equatorial
circle of a |Ê| = 1 sphere. Thus, although a real experiment measures nodes as a
function of momentum, ˆ︁∆̃, it also reveals where the nodes as a function of electron
spin, Ê, are. In general, the neutron xy-plane and electron ab-plane will be rotated
with respect to each other.
The electron a- and b-axes are unknown, but according to the Eq. (6.21), we
can find them up to an ambiguity in their directions by two measurements. A mea-
surement with neutron polarization N̂ = (1, 0, 0) will create two zero cross-section
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nodes at Ê = (0,∓1, 0), i.e., we have located the b-axis but not its positive direction.
Likewise, a measurement with neutron polarization N̂ = (0, 1, 0) will create two zero
cross-section nodes at Ê = (±1, 0, 0), which is on the a-axis, but again the positive
direction is ambiguous. The neutron polarization of these two measurements is il-
lustrated in Fig. 6.8(a), and the corresponding electron nodes are illustrated in Fig.
6.8(b). Since the a-and b axes’ orientation relative to each other is still undetermined,
we do not yet have a way to refer to any point in the electron ab-plane by specifying
its position with respect to the a- and b-axes. For this reason, we arbitrarily super-













(b) Nodes of the electron spin
Figure 6.8: Two measurements with initial neutron polarization in the xy-plane
in subfig. (a) are indicated by colored dots. The corresponding zero nodes of the
electron spin in the ab-plane are illustrated in subfig. (b). The directions of the a-
and b-axes are undetermined. For later reference, is arbitrarily superimposed on top
of the ab-plane a north-south-east-west reference system.
The ambiguity in the relative orientation of the electron a- and b-axes is only
present when doing two measurements with N̂ = (1, 0, 0) and N̂ = (0, 1, 0). To deter-
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mine the relative orientation of the a- and b-axes, we perform a third measurement
with neutron polarization at −45 degrees, N̂ = (1,−1, 0)/
√
2, which is illustrated in
Fig. 6.9(a). This will create two nodes in the electron ab-plane at Ê = ∓(1, 1, 0)/
√
2.
To plot these electron zero nodes in the ab-plane, we need to specify the orientation
of the a- and b-axes; there are two sets of orientations that satisfy Ê = ∓(1, 1, 0)/
√
2:
either a-axis points towards the east and b-axis points towards the north, or a-axis
points towards the west while b-axis points towards the south, as illustrated in Figs.
6.9(b) and 6.9(c), respectively. The cross-section cannot measure the overall sign of
the a- and b-axes, but only their relative orientation. We can therefore simply define



















(c) Nodes of the electron
spin
Figure 6.9: A measurement with initial neutron polarization at −45 degrees is
illustrated in subfig. (a). The corresponding electron zero nodes in the ab-plane
determine the orientation of the a- and b-axes. The two possibilities are illustrated
in subfig. (b) and (c), respectively.
Once we know the directions of the electron a-and b-axes, we can figure out the
direction of the c-axis because spin is always defined in a right-handed coordinate sys-
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tem. This means that the c-axis is simply found from ĉ = â× b̂, since flipping both
the a-and b-axes does not change the c-axis direction. Hence, even though we only
determined the a- and b-axes up to an overall sign, we know the c-axis completely.
Alternatively, the c-axis can be found by moving the neutron polarization out of the
xy-plane, i.e., Nz > 0. The electron zero nodes will move out of the ab-plane as
Ec = Nz. These zero nodes will no longer be antipodal to one another, but will be
located oppositely on a small circle of the electron |Ê|2 = 1 sphere. The hemisphere
that the nodes move into is in the direction of the positive c-direction.
The orientation of the electron abc-coordinate system relative to the neutron xyz-
coordinate system has been established. With this, we can infer the chirality of the
Weyl nodes from a real experiment. First, recall that the above procedure predicted
the zero cross-section nodes for the initial electron spin Ê. However, the real experi-
ment does not measure Ê but rather ˆ︁∆̃, which is related to spin by Ê = −χi ˆ︁∆̃. This
means that ˆ︁∆̃ is parallel to Ê if χi = −1, and antiparallel if χi = 1.
In a real experiment, the electron zero cross-section nodes, Eq. (6.20b), are mea-
sured as a function of ˆ︁∆̃, i.e., where fN̂(
ˆ︁∆̃) = 0. By moving the initial neutron
polarization out of the xy-plane, i.e., Nz > 0, the electron zero nodes will move out
of the ab-plane. The nodes will no longer be antipodal to one another, but will be
located oppositely on a small circle of the electron | ˆ︁∆̃|2 = 1 sphere. The question is,
will the electron zero cross-section nodes as a function of momentum ˆ︁∆̃ move in the
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positive or negative c-direction? By observing this, we can infer the chirality because
the direction of the c-axis is defined by the electron spin. If the electron zero nodes
in the real experiment move towards the positive c-direction (predicted from the elec-
tron spin), then ˆ︁∆̃ is parallel to Ê, meaning that chiralities are χi = −χf = −1.
On the other hand, if the nodes move towards the negative c-direction, then ˆ︁∆̃ is
antiparallel to Ê, meaning that chiralities are χi = −χf = 1. These two possibilities
are illustrated in Figs. 6.10(a) and 6.10(b), respectively.
a
| ̂̃∆| = 1
b
c
(a) Cross-section zero nodes
for χi = −χf = −1
a
| ̂̃∆| = 1
b
c
(b) Cross-section zero nodes
for χi = −χf = +1
Figure 6.10: Measurement of chirality. For a measurement with initial neutron
polarization out of the xy-plane, Nz > 0, the corresponding cross-section zero nodes
moves either towards the positive or negative c-direction determined in Fig. 6.9(b)
depending on the chirality of the Weyl excitations. The two possibilities are illustrated
in subfigs. (a) and (b).
In general, for any two vectors a and b with arbitrary magnitudes that are not
parallel to one another, the same routine (with slight modifications) allows one to
measure the chirality (see Ref. [28]). However, the difference to the case described
here, is that the total spin along z- and c-axes are not exactly conserved. So after
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all, spin conservation along z- and c-axes is not absolutely necessary in order to mea-
sure chirality. The ability to measure chirality is due to two things: a correlation
between spin-flips along the z- and c-axes, together with a relation between the xy-
and ab-planes (by relating electron zero cross-section nodes to neutron polarization).
In the degenerate case where a and b are parallel, while spin is conserved along that
direction, it is not possible to relate the xy- and ab-planes by the method outlined
here. It is therefore not possible to measure the chirality by this method when a and
b are parallel.
A few final comments about this method are in order. Because the method relies
on finding zero nodes of the cross-section, this method is not resilient to the pres-
ence of non-Weyl fermion background scattering channels in the total cross-section.
Unless background scattering can be entirely removed in the region of Weyl fermion
scattering, it will be difficult to locate a node of zero cross-section. We do not pre-
tend that this method is practical, but it is a proof of principle that inelastic neutron
scattering can measure the chirality of inversion symmetric nodes. It is likely that
another experimentally more useful method can be found, partly because this method
only considered neutron spin-flip processes. To this end, it may be useful to calculate
the full Blume-Maleyev polarization cross-section (relating initial and scattered neu-
tron polarizations vectors), which could be analyzed for stable patterns (similar to
Ch. 6.3.1) reflecting the chirality of nodes. Alternatively, the method outlined here
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suggests that from the Blume-Maleyev polarization cross-section, one could measure




Weyl semimetals are recently discovered, fascinating states of matter, partly be-
cause their bulk excitations are condensed matter physics’ incarnation of Weyl fermions
in high-energy physics, but also because their stability is topologically protected. The
manifestation of their bulk topology leads to a plethora of new fundamental phe-
nomena, such as topological surface states and responses in applied electromagnetic
fields, which are promising candidates for future applications. For these reasons, the
research of Weyl semimetals is broadly classified into three categories: engineering
of Weyl semimetals, predicting responses to applied fields, and detection of either of
these. This dissertation attempts to span the latter two fields. The primary goal was
to show that it is possible for inelastic neutron scattering to probe bulk excitations
of type-1 Weyl nodes. The secondary goal was to investigate the response of Weyl
nodes to a magnetic field to look for new phenomena in Weyl semimetals.
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As the development of most new theories begins with simple case studies, so too
does ours. However, while we assumed the Weyl nodes to be aligned at (or near) the
chemical potential, and a vanishing term independent of pseudospin, v0, in the Weyl
equation, the nodes were allowed a realistic anisotropy. These assumptions are not
overly simplistic, and in fact, many of the desirable predictions of Weyl semimetals
rely on exactly the same assumptions. In addition, these assumptions offer a good
starting point for understanding neutron scattering fromWeyl semimetals. This is be-
cause the pseudospin susceptibility is Lorentz invariant, which has several interesting
and useful consequences: the dynamics of the excitations have relativistic symmetry,
and the cross-section can therefore easily be calculated by using Lorentz invariance.
Furthermore, this is reflected in the cross-section by a discontinuous edge of the re-
gion of scattering, which is both measurable and a strong signature of scattering
Weyl fermions, because non-Weyl fermion background scattering is expected to be
continuous.
The predictions of this theory (summarized below) are shown to be stable against
a small, |v0|/vF ≪ 1, breaking of Lorentz invariance of Weyl nodes. It has not been
investigated how a larger |v0|/vF influences the theory, but such an analysis can be
done by calculating the corresponding cross-section. Reference [28] outlines how the
cross-section for scattering off any type-1 Weyl semimetal, |v0|/vF < 1, is analytically
tractable.
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The ability to measure the predictions of this theory rely on the Weyl fermion
scattering channel being cleanly isolated from background scattering channels, and
the principal axis transformation T being measured in an experiment. Yet, in any real
experiment there will always be background channels in the measured cross-section.
Whether it is possible to cleanly separate the Weyl fermion and background channels
and to measure T , therefore depends on the relative strength of the Weyl fermion
scattering channel to background channels. As the magnitudes of the background
channels can only be estimated for real materials (and they are very compound spe-
cific), estimates of these have therefore been left out. On the other hand, the strength
of the Weyl fermion scattering cross-section can be calculated for any type-1 Weyl
semimetal, if its band structure is available, by using Eq. (3.15) to calculate the
coupling of Weyl fermions to neutrons.
Many well-versed physicists would entirely dismiss taking up a project like this,
because of the simple reason that the density of states of a Weyl node is low for small
energies, and the fact that neutron scattering is known to have difficulties probing
electronic excitations of semimetals due partly to this. In addition, a close exami-
nation reveals that probing Weyl fermions with neutron scattering faces a multitude
of conceptual issues about the prospects of measuring properties of Weyl fermions,
such as spin-momentum locking, and the chirality of excitations when a whole Weyl
particle-hole continuum is contributing to the measured response. Furthermore, the
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Weyl fermion pseudospin is not related to real spin in a definitive way. This means
that the amplitude for a change in the neutron and Weyl fermion spin is a linear
combination of material specific parameters analog to the g
2
-factor of an electron.
Therefore, there is no simple analog of spin-conservation for a neutron scattering
from a Weyl fermion. Moreover, these material-dependent g-factors are a priori un-
known and can be given by 8 and 12 independent parameters for time-reversal and
inversion symmetric nodes, respectively.
Understanding the depth of the aforementioned insurmountable challenges pro-
vided the keys to circumvent them. After all, this is perhaps the most intriguing as-
pect of this work. The construction of the cross-section separated it into a Lorentz in-
variant susceptibility and a symmetry breaking coupling of neutrons to Weyl fermions
determined by a priori unknown material specific g-factors. This had advantages:
first, the scattering process was thereby mapped to a relativistic process. Lorentz
invariant properties of the susceptibility, describing the excitations’ dynamics, are re-
flected in the cross-section. Most noteworthy is that the region of scattering has a dis-
continuous edge. This allows one to control the momentum of the particle-hole pairs
by focusing on the maximum momentum transfer for a given energy, then both exci-
tations must end up moving parallel to the transferred momentum. Thus, their spin
states are uniquely determined. Under this situation, one can see the spin-momentum
locking especially clearly. For example, if the initial neutron beam is perfectly polar-
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ized, then the scattered beam is rotated in a definite direction by the g-factors, so it
remains perfectly polarized. Furthermore, despite the arbitrary material parameters,
it is possible to measure the chirality for inversion symmetric nodes. That is, one can
measure whether the excitations’ momenta are parallel or antiparallel to their pseu-
dospin, even though one can only measure the pseudospin through its interaction with
the neutron determined by unknown arbitrary g-factors, which reflect its topologi-
cal character. The second advantage lies in the anisotropy of the g-factors, as they
render spin-momentum locking observable even in a fully unpolarized experiment. In
principle, the simple fact of observing any neutron momentum transfer dependence
in the Weyl fermion scattering cross-section is a signature of probing spin-momentum
locking. Furthermore, the g-factors can enhance the cross-section intensity as they,
in principle, can take any value from zero to diverging, which differs from the single
bare coupling value g
2
= 1. As a proof of concept, we estimated the intensity under
optimistic conditions to be qi/qf × d2σ(+)(q, ω)/dΩdEf ≲ 2 × 10−2 mb/meV f.u. sr
for a toy model. This is low but remarkably only of order 10−2 − 1 smaller than
what has been observed in scattering off spin-1
2
particle-hole pair related phenomena
[82, 83, 84, 85, 86].
Inelastic neutron scattering can thus provide a platform to understand the intrin-
sic behavior of Weyl semimetals, such as the spin and orbital effects discussed here.
It can test the form of the Weyl equation in materials including monitoring changes
in it such as: relocation in energy and momentum space, distortion of dispersion,
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redistribution of occupation numbers due to applied fields, currents, or elastic and
magnetic deformations as predicted in Ref. [88, 89, 90, 91, 92, 93].
Some of the details that have appeared in this careful study could give new in-
formation about Weyl materials. For example, the many g-factors describing the
emergent magnetic moment of the Weyl fermions show how Weyl fermions couple to
an external magnetic field, which does not have to be from a neutron. In particular,
it would be interesting to study how these parameters evolve as a realistic magnetic
Weyl semimetal approaches the transition point [6, 94, 95, 96, 97]. The four-band
model shows that they depend on the strength of the spontaneous magnetic ordering
and hybridization between bands, and they diverge near the transition point, at least
in this model. These g-factors can be determined theoretically for any type-1 Weyl
semimetal, by using Eq. (3.15), if the band structure is available. The cross-sections
presented in this dissertation show that the g-factors can be measured in inelastic
neutron scattering experiments.
Besides the specific problem of neutron scattering, particle-hole correlators (as
calculated here) are relevant to Weyl semimetals’ intrinsic properties. For exam-
ple, particle-hole bound states (like plasma waves) might form, and their self-energy
is closely related to the pseudospin-susceptibility. If a particle-hole bound state
from excitations at distinct Weyl points can form, we would expect strong angu-
lar momentum-dependent properties. For example, it should have an effective mass
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that is proportional to the matrix elements between the two Weyl points and hence
would be strongly momentum dependent. Also, just as there is an emergent mag-
netic moment of Weyl excitations, there could be an emergent electric dipole moment,
which is not ruled out by symmetry unlike the case of an electron in free space [98].
This could influence the bound state’s dynamics through pseudospin dipole-dipole
interactions. It is necessary to understand carefully what properties of Weyl fermions
are universal for such analyses, and the relativistic method developed here should be
useful.
Furthermore, it would be interesting to extend our method to derive the cross-
section for scattering between emergent Bogoliubov-de Gennes Weyl nodes induced
in a monopole superconducting Weyl semimetal [99].
In conclusion, the theory developed here provides helpful guidelines for the neu-
tron scattering community to probe electronic excitations in type-1 Weyl semimetals
by elaborating suitable ways to manipulate cross-section data. From a broader per-
spective, our work constitutes an important development in the burgeoning field of
topological semimetals by opening an unexpected avenue in the studies of these, as





In 2nd quantization, the Hamiltonian in r-representation of the ith Weyl node is
Hi =
∫︁
drΨ†i (r, t)H0,i(∇r)Ψi(r, t), where Ψi(r, t) is the 2nd quantized Weyl fermion
field, and H0,i is on the 1
st quantized isotropic form Eq. (3.5) with momentum
k̃ replaced by −iℏ∇r. The interaction for scattering between nodes is given by
HB =
∫︁
drHB(r, t), where interaction density is HB(r, t) = −M(r, t) · B(r) with
magnetization Eq. (3.13). For scattering between nodes related by either time-
reversal or inversion symmetry [32, 57, 100], the coupling is constrained, as will be
explained in Appendix A.1 and A.2, respectively.
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A.1 Time-reversal Symmetric Nodes
Let τ̂ denote the antiunitary time-reversal operator acting on Ψi. Weyl nodes
related by time-reversal symmetry is the requirement τ̂H2τ̂
−1 = H1, and the fields
are therefore related by,
τ̂Ψ2τ̂
−1 = θ†Ψ1 , τ̂Ψ1τ̂
−1 = −θ∗Ψ2, (A.1a)
τ̂Ψ†2τ̂
−1 = Ψ†1θ , τ̂Ψ
†
1τ̂
−1 = Ψ†2(−θT ). (A.1b)
Here τ̂Ψ2τ̂
−1 = θ†Ψ1 is the definition of time-reversal symmetric fields, whereas
τ̂Ψ1τ̂
−1 = −θ∗Ψ2 follows by applying τ̂ 2Ψ1τ̂−2 to an arbitrary state |α⟩ with nw Weyl
fermions. The remaining two follow from these by Hermitian conjugation. The 1st
quantized Hamiltonians are thus related by H0,1(∇r) = θH∗0,2(∇r)θ†, for any choice
of θ up to a unitary matrix. Hence, by defining H0,2 we can find the time-reversal
symmetric H0,1. Here we choose θ = σy as it brings both nodes to the standard
isotropic form Eq. (3.5) with same chirality χ1 = χ2. Since the external magnetic
field B is odd under time-reversal transformation, a symmetry of the theory is the
time-reversal of the interaction with reversed magnetic field. Thus, we require that
HB = τ̂H−Bτ̂−1, which implies that the coupling strengths are restricted to Eq. (6.1).
To derive Eq. (6.1) above, we tacitly used that τ̂Bτ̂−1 = B, but how can that
be? After all, the interaction HB between a neutron and nodes involves the neutron’s
magnetic field B(r), induced by its magnetic moment µn, which is odd under time-
143
APPENDIX A. SYMMETRY CONSTRAINTS ON COUPLINGS
reversal symmetry. Mathematically that is τ̃Bτ̃−1 = −B, since a spinning current
loop changes direction under time-reversal, where the time-reversal operator acting
on the neutron is τ̃ . The point is, that we do not want to find the operator τ̃ , but
only the time-reversal operator τ̂ acting on the neutron coupling to nodes. Hence,
the trick is to utilize the fact that τ̃Bτ̃−1 = −B by inserting this minus sign by
hand while simultaneously treating the magnetic field B as unaffected (does not get
conjugated and does not change sign) by the operator τ̂ , i.e., τ̂Bτ̂−1 = B, which
is treating the magnetic field components as real classical numbers. Therefore, the
symmetry constraint is HB = τ̂H−Bτ̂−1.
A.2 Inversion Symmetric Nodes
Let ρ̂ denote the unitary inversion operator acting on Ψi. Weyl nodes related
by inversion symmetry is the requirement ρ̂H2ρ̂
−1 = H1, and the fields are therefore
related by,
ρ̂Ψ2ρ̂
−1 = θ†Ψ1 , ρ̂Ψ1ρ̂
−1 = θΨ2, (A.2a)
ρ̂Ψ†2ρ̂






−1 = θ†Ψ1 is the definition of inversion symmetric fields, whereas ρ̂Ψ1ρ̂
−1 =
θΨ2 follows from ρ̂
2 = 1 and ρ̂−1 = ρ̂†. The remaining two follow from these
by Hermitian conjugation. The 1st quantized Hamiltonians are thus related by
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H0,1(−∇r) = θH0,2(∇r)θ†, so by defining H0,2 we can find the inversion symmet-
ric H0,1. This holds for any choice of θ, arbitrary up to a unitary one. Here we choose
θ = σ0 as it brings both nodes to the standard isotropic form Eq. (3.5) with oppo-
site chirality χ1 = −χ2. Since the external magnetic field B is even under inversion
transformation, a symmetry of the theory is HB = ρ̂HBρ̂−1, which implies that the





For time-reversal symmetric nodes, the matrix element Eq. (3.19) connects only
nodes with same chirality, i.e., χi = χf ≡ χ. One now seeks 4× 4 operators with the
same properties and finds that γ0γµ also connects nodes with the same chirality. The
susceptibility Eq. (3.19) can be rewritten in terms of this operator by transforming
from 2-spinors to 4-spinors, where it is given by,












δ(4) (Q− P) Υµ νχ→χ. (B.1b)
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γνuχp̃i , constant c = πV/vF(2πℏ)
3,
ξR = 0 for any µ, ν, whereas ξL = 0 if µ = ν = 0 or µ, ν ̸= 0, otherwise 1. The matrix
element T̃
µ ν
χ→χ(Q) is a Lorentz-invariant rank-2 tensor and by dimensional analysis is
quadratic in Q, thus the most general form it can have is,
T̃
µ ν
χ→χ(Q) = aχ (Q ·Q) gµ ν + bχQµQν , (B.2)
where gµ ν = diag(1,−1,−1,−1) is the Minkowski metric. The scalars aχ and bχ can
be determined from the two contractions,
gµ νT̃
µ ν
χ→χ(Q) = (4aχ + bχ)Q ·Q , (B.3a)
QµQνT̃
µ ν
χ→χ(Q) = (aχ + bχ) (Q ·Q)2 . (B.3b)




,0)–i.e., the center-of-momentum (COM)
frame of the particle-hole pair, the conservation laws lead to a simple integral over
the surface of a sphere where the contractions can easily be calculated. Let us break
this down step by step.
Introducing projectors helps to carry out the calculations. Because we have per-
formed a particle-hole transformation, all states have positive energy, and therefore,
the only relevant projectors are,
2p̃0uχp̃ū
χ
p̃ = pχ p+(p̃)γ
0, (B.4)
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which project into positive energy states with chirality χ = (L,R) by p+ and pχ,
respectively, given by p+(p̃) = p̃
0+γ0γ ·p̃, pL = (14×4−γ5)/2 and pR = (14×4+γ5)/2.
Note that the projector is a Lorentz scalar since p+(p̃)γ
0 = pµγµ and is therefore
not technically a projector, but constructed to make Eq. (B.1b) Lorentz invariant.
Now we can use the COM frame, in which p̃i = −p̃f , and express Υµ νχ→χ(Q̃) =
Tr[γµpχp+(−p̃i)γνpχp+(p̃i)] as a trace over gamma matrices. By use of standard
trace technology [31], we find gµνΥ
µ ν
χ→χ(Q̃) = −8|p̃i| and Q̃µQ̃νΥµ νχ→χ(Q̃) = 0. Using
these latter two expressions in Eq. (B.3), evaluated in the COM frame and performing









χ→χ(Q̃) back to the lab-frame, we find T
µ ν
χ→χ(Q) has components,
T 0 0χ→χ(Q) = a|Q|2, (B.6a)




T i jχ→χ(Q) = a
[︁





where gi j is the spatial component of the Minkowski metric. Notice, the only differ-







a sign difference1 χ. But since F0 = 0 for time-reversal nodes, see Eq. (6.1), these
1This is due to the prefactor (−1)ξχ which originates in the sign difference between σµ and σ̄µ
148
APPENDIX B. SUSCEPTIBILITY FOR TIME-REVERSAL SYMMETRIC
NODES
terms will not contribute to the cross-section, which is therefore identical for R to R
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